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Abstract

Let o > 1 be an algebraic number and £ a nonzero real number. In this
paper, we compute the range of the fractional parts {€a™} (n =0,1,...).
In particular, we estimate the maximal and minimal limit points. Our
results show, for example, that if (= 24.97...) is the unique zero of the
polynomial 2X? — 50X + 1 with X > 1, then there exists a nonzero £*
satisfying limsup,, ,..{£"0"} < 0.02127.... On the other hand, we also
prove for any nonzero £ that limsup,, . {£6"} > 0.02003.. ..

1 Introduction

Koksma [11] proved for nonzero £ that the geometric progressions £a™ (n > 0)
are uniformly distributed modulo 1 for almost all « > 1. He also showed for
a > 1 that £a™ (n > 0) are uniformly distributed modulo 1 for almost all real €.
There is, however, no criterion of uniform distribution for the series (™ (n > 0)
with given aw > 1 and & # 0.

Let 4 be the Haar measure of the torus R/Z with u(R/Z) = 1. We write the
canonical map from R onto R/Z by 7. For any interval I C R, we call J = 7(I)
an interval in R/Z.

We take a > 1 and £ # 0. Let J(«, &) be one of the shortest interval in R/Z
containing all limit points of £a™ mod Z (n > 0). Note that J(a,§) is uniquely
determined unless the set of limit points of £a™ mod Z (n > 0) consists of two
elements. We now recall the definition of Pisot and Salem numbers. Pisot
numbers are algebraic integers greater than 1 whose conjugates different from
themselves have absolute values strictly less than 1. Salem numbers are algebraic
integers greater than 1 which have at least one conjugate with modulus 1 and
exactly one conjugate outside the unit circle. Pisot [14] proved for an algebraic
a > 1 and a nonzero ¢ that if the sequence o™ mod Z (n > 0) has only finitely
many limit points, then « is a Pisot number and £ € Q(«). For further details
of powers of Pisot and Salem numbers we refer the reader to [2].

We put

(e, §) = p(J (a,€)).

For example, J(a, 1) = {0 mod Z} and p(a, 1) = 0, where « is a Pisot number,
because the trace of o™ is a rational integer. Tijdeman [15] proved for every
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half integer « = N/2 > 2 that there exists a nonzero £ = £(«a) such that

1
e, §) < m-

Flatto [8] pointed out that, for each rational « = a/b > 1, there is a nonzero
& = &(o) with

H0.6) < g = (1.1)

He proved the inequality above using Tijdeman’s method.
Koksma’s Theorem implies that if o > 1 is given, then, for almost all £, the
set

{€a" mod Z|n =0,1,...}

is dense in R/Z. In particular, u(c, &) = 1. On the other hand, Tijdeman [15]
showed that if @ > 2 is given, then there exists a nonzero £ = £(a) with

{€a”} <

— (n=0.1,..), (1.2)

where {£a™} denotes the fractional part of {a™. In particular, such « and &
satisfy

1

e, §) < PaE (1.3)

The author [10] proved the following:
Let £ be a nonzero real number. Take arbitrary positive numbers § and M.
Then there exists an « satisfying a > M and

1+9

p&a) < —

Let +(=2.025...) be the unique solution of 34X3 —102X?% + 75X — 16 = 0 with
X > 2. Dubickas [7] verified for 1 < a < ¢ that there is a nonzero { = £(«) such
that

2(a — 1)?

pla,§) <1-— 92a—1)2" (1.4)

It is easy to check that if 2 < o < ¢ is given, then

Aa=1? _ 1
920 —1)2 " a—-1

Thus (1.4) is stronger than (1.3) for 2 < a < ¢. We now review Dubickas’s
estimation of maximal and minimal limit points of the sequence {£a™} (n =
0,1,...). Let us define notation about polynomials and algebraic numbers. Let
B(X) = b, X™+ -+ -+ by be an arbitrary polynomial with real coefficients. We
denote the length of B(X) by

L(B) = [bm| + -+ - + [bo].



Let o > 1 be an algebraic number with minimal polynomial P,(X) = agX% +
-+ ag € Z[X], where ag > 0 and ged(ag, - - -, a0)=1. Define the length of « by

L(a) = L(Pu(X)).

Put furthermore
Z max{0,a;}, L_ Zmax{o

Next, let I(«) be the reduced length of « deﬁned by
I(a) = min{l'(a),!' (a1},
where

() = B(Xi)nefR[X] {L(B(X)Px(X))|B(X) is monic}.

Formulae about I(«) and I'(a) were studied by Dubickas [5]. Take a nonzero
real £&. If « is a Pisot or Salem number, then assume & ¢ Q(a). We write the
integral part of a real number x by [z]. Dubickas [6] showed that the sequence

d
(Z adi[fa"_i]> (n=0,1,...)
i=0
is not ultimately periodic. In particular,
d
Z aqg—i[€a
i=0

for infinitely many n > 0 because nonzero integers occur infinitely many times
in this sequence. Since

>1

d
Ozzad—ifan ‘ Zad ([€a" "]+ {&a™ ),
i=0

we have

d
Z ag—i{éa" "} =
i=0

for infinitely many n. Thus we get

lim sup{&a™} > min{ 1a , L } (1.5)

n—oo

Moreover, Dubickas [6] proved

lim sup{éa”} — hm1nf{§a"} Z L

(1.6)

In this paper, we calculate the range of the sequence {{a™} (n =0,1,...) in the
case where o > 1 is an algebraic number. The main results are stated in Section
2 and proved in Section 6. First, we construct a nonzero £ = £(«) and improve
(1.3), (1.4) by giving an interval in R/Z which includes all limit points of the
sequence £a™ mod Z (n > 0). Next, we give new estimation of the maximal and
minimal limit points of the sequence {£a"} (n =0,1,...). The auxiliary results
are given in Sections 3,4, and 5. Moreover, in Section 7 we introduce Mahler’s
Z-numbers (cf. [3, 8, 9, 12]) and discuss their generalization.



2 Main results

At first, we sharpen the inequality (1.3) in the case where o > 1 is an algebraic
number whose conjugates different from itself have absolute values less than 1.
For t,m > 1, put

pm(X1,..., Xy) = 0 o t=0m=>1 (2.1)
S iizo XU XD t>1

Q14 tig=m

THEOREM 2.1. Let a > 1 be an algebraic number of degree d and let aq(>
0) be the leading coefficient of the minimal polynomial of «. We denote the
conjugates of a by a1 = a, g, ..., og. Assume that o] < 1 for 2 < j <d. Let

v=S"lpn(az, .., aa). (2.2)
h=0

Then there exists a nonzero & = £(«) such that

(aq — v

L (2.3)

(e, §) <

Note that if « is a rational number, then (2.3) coincides with (1.1). Next, we
consider the case where « is a quadratic irrational number. We give an interval
in R/Z which includes J(a, §).

COROLLARY 2.2. Leta > 1 be an quadratic irrational number and P, (X) be

its minimal polynomial. We denote the leading coefficient of Py (X) by as(> 0).

Assume that the conjugate as of o has the absolute value less than 1 and that

a9 Z 2.

(1) If 0 < ag < 1, then there exists a nonzero & = &(a) such that, for anyn >0
ags — 1

& < pmr

In particular,

J(€ a) CT({Q%D'

(2) If =1 < ag < 0, then there exists a nonzero § = (o) such that

J(&a)CT ([GQ(OEGE I)(ll)afag)’ as(a le)_(ll— a%)D '

Example 2.1. Let (= 24.97...) be the unique zero of the polynomial 2X?2 —
50X + 1 with X > 1. Then by Tijdeman’s result (1.2) there exists a nonzero
& =¢£(6y) with
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for each n > 0. Since the conjugate of 0; is on the interval (0, 1), by Corollary
2.2 there exists a nonzero £ = £(;) such that for each n > 0

1
T — =0.02127....
{591}<47 0.02127

We now compare these estimations with the Dubickas’s lower bound (1.5) of the
maximal limit point. For any nonzero ¢ we have

1 1 1
limsup{£07} > min< ——— —— % = — = 0.02.
moup(€ot} > min { 7 7 k= 5

Note that the first statement of Corollary 2.2 gives an upper bound of the
maximal limit point of the sequence {{a”} (n = 0,1,...). We generalize this
estimation in the case where a > 1 is an algebraic number with arbitrary degree
whose conjugates different from itself are on the interval (0,1). Next, we give
also an upper bound of the difference between the maximal and minimal limit
points in the case where the absolute values of the conjugates of « different from
itself are sufficiently small.

THEOREM 2.3. Let a > 1 be an algebraic number of degree d. We denote
the conjugates of o by aq = a, aa, ..., aq. Moreover, let Po(X) be the minimal
polynomial of a and aq(> 0) its leading coefficient. Suppose that aq > 2.

(1) Assume that

O0<a;<1(2<j<a).

Then there exists a nonzero £ = £(a) satisfying

adfl
{ga”} <
| Pa(1)]
for allm > 0.
et v be defined by (2.2). Assume that, for any 7 with 2 < j <d,
2) L be defined by (2.2). A hat, f ] h2<j<d
|O¢j|<1
and that
ag—1 1

T o2 P > 2
ad(afl)y<27‘ (D12

Then there is a nonzero & = £(a) satisfying

: n fn S n ad 1
lim sup{ﬁa } lim 1nf{§a } d( 1) v

REMARK 2.1. If the absolute values of the conjugates of « different from

itself are sufficiently small, then the assumptions of the second statement of
Theorem 2.3 follow. In fact, they are rewritten by

o0

_ aqg(a—1)

v= Z|ph(a2,...,ad)\ < 2ag —1)

h=0



and

d
2
1l -] 2 ———.
[y | ag(a—1)

Example 2.2. We give an example of the first statement. Let 02(= 24.69...)
be the unique solution of 2X3 — 50X2 + 15X — 1 = 0 with X > 1. Then
Tijdeman’s result (1.2) implies that there exists a nonzero £ = £(62) with

=0.04219. ..

ey <g—7=

for all n > 0. Since 65 is an algebraic number of degree 3 whose conjugates
different from itself are on the interval (0,1), the first statement of Theorem 2.3
means that there is a nonzero £ = £(6y) satisfying

n 1 _
{¢03} < 57 =0.02041 .

for any n.
On the other hand, Dubickas’s lower bound (1.5) implies that if £ # 0, then

1 1 1
limsup{£60%} > min< ——— —— » = — = 0.01960....
maw (et} 2 min{ G g b=

Example 2.3. We introduce an example of the second statement of Theorem
2.3. Let 63(= 25.01...) be the unique positive zero of the polynomial 2X? —
50X — 1. Then, by Tijdeman’s result (1.2) there exists a nonzero £ = £(63)
fulfilling

lim sup{&05 } — lim inf{&0% } < 91 0.04163....
n—00 n—o0 3~

Theorem 2.3 means there is a nonzero § = £(63) with

limsup{€07} — liminf{€07} < — 24—~ 1 = 0.02124....
n—oo a

n—o00 d(93 — 1)

We next compare with Dubickas’s lower bound (1.6). Dubickas [5] verified that
if @ > 1 is a quadratic irrational number whose conjugate has absolute value
less than 1, then

l(a) = agar + min{ag, |ao|}-

Therefore, for any nonzero &

1
lim sup{&0% } — liminf{&A%} > —— = 0.01959....
n—oo n—oo 1(03)

Finally, we improve Dubickas’s lower bound (1.5) of the maximal limit point
limsup,, . {€a™} in the case where a > 1 whose conjugates are all positive.



THEOREM 2.4. Let £ be a nonzero real number and o« > 1 an algebraic
number of degree d. We denote the leading coefficient of the minimal polynomial
of a by aqg(> 0). Suppose that the conjugates of « are all positive. If o is a
Pisot number, then assume further € & Q(«). We denote the conjugates of o by
Q1 =0, ..., 0p, Q1qp,...,0q, Where; >1 (1 <i<p)and0<a; <1 (1+p<
j<d). Put

m= Z pi(afla"'7a;1>pj(a1+p>"'aad)-
Li>0
j—i=

Let

and

respectively. Then

limsup{€a”} > min {4y, 02} . (2.4)

n—oo

Example 2.4. We consider the case of a = 61, 65 which are defined in Examples
2.1 and 2.2, respectively. Tijdeman’s result (1.2) and Dubickas’s lower bound
(1.5) imply

0.02 < gi% limsup{€07'} < 0.04170...

n—oo

and

0.01960... < gi% limsup{€63 } < 0.04219....

n—oo

By using Theorems 2.3 and 2.4, we obtain

0.02003... < inf limsup{¢f}'} < 0.02127 ...

n—oo

and

0.02049... < 51% limsup{¢0;} < 0.02941.. .,

n—oo

respectively. In particular, Theorem 2.4 gives improvements of (1.5) in these
cases.
In the case of a = 5, we calculate - in the following way. If [ < 0, then

Oél

"= (I-—altag)(1- a*lag);



otherwise,

m < Zafipi(az,oé:s)m(az,oé:s)
i=0
Pz(a2,043)
(1—atla)(l —alaz)

Thus, we obtain

1

3y = :
2 20(1 — o tag)(1 — a~lag)

Let us show that Theorem 2.4 gives the best result in the case where « is a
Pisot number satisfying §; > ds.

THEOREM 2.5. Let a be a Pisot number. We denote the conjugates of o by
a1 = a,q,...,0q. Suppose that all o are positive. Let 01,02 be defined as in
Theorem 2.4. Assume further 61 > 2. Then

€1n(f lim sup{&a™} = d5.

§ ) n—oo

Moreover, the infimum is attained by the transcendental number

o) = d Z a

aH] 2(1 —aloy) 5

By applying Theorem 2.5 in the case where « is a quadratic Pisot number,
we obtain the following;:

COROLLARY 2.6. Let a be a quadratic Pisot number with the conjugate .
Assume that 0 < ag < 2 —/2(= 0.5857...). Then

1
inf limsup{éa™} = .
£ZQ() nHoop{g } o — (2

Moreover, the infimum is attained by the transcendental number

oo

60( :Oé—agza

m=1

Example 2.5. Let 4 = 2+ /3(= 3.732---). Then the conjugate 0} satisfies
0 < 0} < 2—+/2. Thus Corollary 2.6 implies

1
inf limsup{é&0}} = ——= =0.2886....
£4Q(64) n_mp{g } 2V/3



3 Symmetric homogeneous polynomials

Let us introduce basic results of the symmetric polynomials p,,(X1,...,X})
with t,m > 0 defined by (2.1). In this section we fix ¢ > 1. The generating
function of these polynomials is given by

S (XL X)YT = > > (XY)(XY)R - (XY
m=0 m=0 i1,ig,...,it>0
i1+igt - tig=m
= > (YY) (XY
i1,02,...,04>0
1
e (3.1)
[Lio,(1-XY)
Therefore

m=0 i=1

and so, for m > 1,

min{m,t}
> (D pmn(X,. . Xen(Xa, ., X)) =0, (3.2)
h=0
where ep(X1,...,X:) is the elementary symmetric polynomial of degree h,
namely,
1 (h =0),
en(X1,..., Xy) = > X Xi, - X5, (h>1). (3.3)

1<i1 <2< <ip <t
The following result is Lemma 3.1 of [10]:

LEMMA 3.1. Ift > 1, then

t

1 et
pm(X1,~~,Xt)=Z H X X, X =l (3.4)
i=1 \ 1sg<e 70T

for any m > 0.

Let us define p,,(X1,...,X;) also for a negative integer m by (3.4). Then
we have the following;:

LEMMA 3.2. Ift>1and if —t+1<1< —1, then

(X1, ..., Xi) = 0.



Proof. Put

t

g (X1, X)) =D (D)o n (X, Xy)en(Xn, ., X0)
h=0

for m € Z. Then, by Lemma 3.1, there exist rational functions b;(X1,...,X:) €
Q(Xy,...,X) with 1 <4 <t such that

t

g (X1, X)) =D (X, .o, X)X
i=1

If m > t, then g,,,(X1,...,X:) =0 by (3.2). Thus b;(X1,...,X;) =0 for any i
with 1 <7 <t and so

gm(X1, ..., X)) =0 (3.5)

for every m € Z.
In the case of 1 <m <t —1, by combining (3.2) and (3.5), we get

t

0 = Y (-D'pm-n(X1,..., X)en(X1,..., Xy)
h=m-+1
-1
= Z (*1)m7hem—h(X17"'7Xt)ph(X17"'7Xt) (36)
h=m—t
We now show Lemma 3.2 by induction on [. In the case of | = —1, we can

deduce p_1(Xy,...,X:) = 0 by substituting m =t — 1 into (3.6). Next, assume
for [ with —t +1 <1 < —2 that

P (Xnyeo X)) = = praa (X1, ., Xp) = 0.
Then, by substituting m =t + [ into (3.6), we obtain

pl(Xl,...,Xt) =0.

4 Representation of fractional parts

Let us recall the relation of the decimal expansion of a real number & to the frac-
tional parts of the geometric sequence £10™ (n = 0,1, ...). For simplicity, assume
0 < & < 1. We now write the decimal expansion of £ by > o, s_;(10;£)107°
with 0 < s_;(10;¢) < 9. Then

{€10"} = s n (10107 (n=0,1,...), (4.1)

i=1

Note that the right-hand side of (4.1) is expressed by the iteration of the shift
operator to the sequence (s_;(10;&))$2,.

In this section, we give an analogue of the decimal numeral system to calcu-
late powers of algebraic numbers; we represent the integral and fractional parts

10



by using the symmetric polynomials p,, defined in the previous section. Let
a > 1 be an algebraic number with minimal polynomial aqX? + --- + ag €
Z[X] (ag > 0). In what follows, we assume that a has no conjugate with
absolute value 1. Let p be the number of the conjugates of o whose abso-
lute values are greater than 1. Moreover, we write the conjugates of a by
01 = Q,...,0p, Xiqp,...,0q, Where

| >1(i=1,...,p)
and
laj| <1 (j=14+p,...,d).
We define the m-th digit of a real number £ by
sm(€) = agléa™™] + ag_1[€a™™" "+ + agléa” ™).
For instance, if o = 10 and if £ > 0, then the m-th digit is
5 (10;€) = [€107™] — 10[¢10™),

which coincides with the usual decimal digit. Let us call (s,,(a;€))S° the

m=—0o0

digital sequence of £&. We now introduce some easy consequences from the
definition.

LEMMA 4.1. (1) If £ > 0, then s,(«; &) = 0 for sufficiently large m.

(2) For any integer m,

—Li (o) < sm(;€) < L_(a).

Proof. The first statement is obvious. Note that ag > 0 and min{ag,...,ap} <
0. The second statement is obtained by

d d
sm(as &) + Z ag_i{€a™™ " = gam Z ag_ia" =0
i=0 i=0
and 0 < {€a™™7%} < 1 for any i with 0 <i < d. O
PROPOSITION 4.1. (1) If € > 0, then the integral part [a™] and fractional
part {£a™} are given by

[(a"] = aid SO pilar, - )pi(@rp, - @a)sipn(;) (4.2)

i=0 j=0
and
1 —1 00
{€a"y=— > > pion,. o, 0)p(Q1gp, s aa)sipsn(0sE),  (4.3)

a
d =6 j=0

respectively. In particular,

1 o0 oo
o = w Z Zpi(al, s ap)pi(@igp, ) Siqjon (e €). (4.4)

a,
i=—o00 j=0

(2) If £ < 0, then the representation of fractional part (4.3) holds.

11



REMARK 4.1. Let £ > 0. Then, by the first statement of Lemma 4.1, the

right-hand side of (4.2) is a finite sum.
Now note that the sequence (s, (a; €))%

ment of Lemma 4.1 and that the series

—1 [e%e]
i J
E E Qp

i=—00 j=0

is bounded by the second state-

m=—0o0

converges for every h,l with 1 < h <p, 14+ p <1 <d. Thus, by using Lemma
3.1, we conclude that the right-hand side of (4.3) converges.

REMARK 4.2. Let M(«) = agl|as --- ap| be the Mahler measure of a and
put

o(a) = (-1)1)—1% € {1,-1}.

Then by Lemma 3.2 and

P Oflafl
_ et h i+p—1
pilar,...,0p) = ) [[ |
h

=1 \ 1zh<p, 4 — @
h#£L
P
= (! <H 04;?1) p—i—p(g Y ?ap_1)7
h=1
the representation (4.3) is rewritten by
o0
{€ n}* Zpl al IR )pj(al-‘rpa >O‘d)8]—l—n—p(av ) (4 5)
=0 j=0

Moreover, if & > 0, then
1 o0
=— pilar,...,aq)si—n(a:€) (4.6)
4d i 2o

by using (2.1).

Proof of Proposition 4.1. Tt suffices to check (4.5) and (4.6). We put
g=d—p, a=(o,...,ap), and b = (a14p,...,0q).

Moreover, write

a-b = (ala"'vapaaler?"'aad)v

a! = (ozl_l,...,agl).

For h > 0 and ¢ > 1, let e,(Xy,...,X;) be defined by (3.3). By relations
between coefficients and roots of a polynomial, we get

) d
7Sm a;€) = (~1)'en(a-b)[ga ™",

h=0

12



Thus, if £ > 0, then

> I[e L[]8

e’} d
LY pla b = 3 Y (-1enfa-bipa-bfcam
1=0

h=0
min{l,d}
= g™ > (=1)"pion(a-b)en(a- b)
=0 h=0

I
F“

a”l,

where the last equality follows from (3.2).
Similarly, by

d
- Z ag-i{€a™"""}
i=0

and
em(@) = a1 apep-m(a™) (0<m < p),
we get
) d
;dsm(a; ) = *g(*l)heh(a -b){€a”m Y.

If ¢ =0, then p = d. Thus

d
ism(a;g) = <_1)d—1a1a2 ey Z(_l)heh(a_l){fah_d_m},

Gd h=0
and so by (3.2)
]O\j(aa) sz 71 3—1 n— d(a 5)
1=0
oo d
= D > (-1 pila” ) {ga ) = {¢am),
=0 h=0
which implies (4.5).
In the case of ¢ > 1, we have
1 P q
—sm(a;€) = =33 (~1)'*ep(a)er(B){gam
d h—=0 1=0
P q
= (=1 lar-op » Y (D) en(a e (b){ca P
h=0 =0



Thus by using (3.2) we obtain

=0 j7=0
= YY1 e e (=D eub)p; (B {ga I
i=0 h=0 j=0 [=0
= 33 (D enla pila ) {eal T = {gan).
i=0 h=0

O

Example 4.1. Let o be a rational number a/b, where a > b > 0 and ged(a, b) =
1. Then Proposition 4.1 implies

(5] = () G,
0 = 0% (O s (le)

1=—00

for £ > 0. This is the companion representation of &, which is written in [1].

Example 4.2. Let o > 1 be a quadratic irrational number. We assume p = 1.
Then by Proposition 4.1

[(a”] = ;ZZM(@,OQ)SFVL(OK;Q,
i=0

1 oo oo .
e Z Z a'aysiin-1(;€)

i=0 j=0

{ga”}
1 o0

- - - min{0,h} ~max{0,h} .
GQ(OZ - CVQ) hZ—: @ Q3 Sh_”—l(av 5)

5 Digital sequences

Let a > 1 be an algebraic number with no conjugate whose absolute value is 1.
We use the same notation as in the previous section. We observed for a nonneg-
ative ¢ that the integral part [a"] and the fractional part {£a™} are written
by the digital sequence (s, (c;€))5__ . We now characterize this sequence by
considering the generating function of [(a"] and {€a™} (n = 0,1,...). Recall
that if £ > 0, then s,,(a; &) = 0 for any sufficiently large m.

PROPOSITION 5.1. Let £ be a nonnegative number.
(1) For any integer n, the finite sum

1 o
- Z pi(ala ce 7ad)si—n<a; g)
ad 555

14



is a rational integer.
(2) If 2 < k < p, then

(oo}

> agsi(a;§) = 0.

1=—00

Proof. The first statement is obvious by Proposition 4.1. Now we prove the
second one. Since s,,(a;a7E) = sp41(; €), we may assume [Ea™] = 0 for any
m < 0. Put

f(z)=>_[€a"2", g(z) =Y {&a"}2"
n=0 n=0
Then we have
4= 1)

Let P¥(z) = apz? + a1z~ + - -+ + aq. Thus we get

(5 -9 i) = foP2te

0 ©,3=>0
i+j=h
0 h o)
= Z Ea’lag—piiz" = Z s_pn(a;€)2"
h=0i=h—d h=0

(=50~ 90)) Pate) = L sntai . (5.1
h=0

Since 0 < {£a"} < 1 for any n, the left-hand side of (5.1) is a meromorphic
function on {z € C||z| < 1}. Moreover, because the sequence s_p(a;&) (h =
0,1,...) is bounded, the right-hand side of (5.1) converges for |z| < 1. Hence
(5.1) holds for |z| < 1. In particular, since the left-hand side of (5.1) has a zero
at z = alzl with 2 < k < p, we obtain

oo

0= Za;is,i(a;g) = Z ol si(a; €).
i=0

O

The decimal numeral system gives the correspondence between nonnegative
numbers and sequences of digits 0,1,...,9. In what follows, we show that
sequences satisfying the assumptions of Proposition 5.1 represents the fractional
parts of certain geometric progressions.
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PROPOSITION 5.2. Let © = (2,,) be a bounded sequence of integers.

m=—0o0

Assume that x,, = 0 for all sufficiently large m. Suppose further that
0 .
Z apz; =0 (5.2)

for any k with 2 < k < p and that the finite sum

1 oo
; Z pi(oq, . ,Oéd)l‘i_n (53)
4 =0

is a rational integer for any n. Let

1 o0 o0
E=¢(x) = w Z Zpi(al, s 0p)pi(Qidp, - Q)T (5.4)

i=—o0 j=0

Then for any n

Pl RS
Sa :a—d Z Zpi(ozl,...,ap)pj(oz1+p,...,ad)xi+j_n. (5.5)

i=—00 j=0
In particular,

—1 00

1
(o = o Z Z pilat,...,ap)pj(Qiyp, ..., 0q)Tiyj—pn mod Z

i=—00 j=0

REMARK 5.1. Let n be an integer. Then, since x,, = 0 for all sufficiently
large m, the series

oo oo

1
aq Z Zpi(ala )P (@, Q) Tt

i=0 j=0
o0
1
= *E pilar, ..., q)Tin
Qq < 0
e

is a finite sum. By using Lemma 3.1, we also deduce that the series

o0

-1
1
ch Z Z pi(a, ..., ap)pj(alera ceey Oéd)xiﬂ'—n

i=—o00 j=0

converges.

Proof. Since (5.3) is a rational integer, it suffices to check (5.5). By using (3.4)
and (5.2), we get

1 & S
£ = ;ij(an...,ad) Z ph—j(a1, ... ,ap)xp
d =0 h=—oc0
| & s G|
= 7ij(a1+p7...7ad) Z <H — )ah—ﬁ-p—lmh.
agq & “ e Q (07}
]70 h=—00 =2



Thus we get

1 & > LN |
n _ - . n+h—j+p—1
DI > (11, L )

= h=—o00 =2
1 oo oo
- ; Z Pj (a1+pa ) O[d) Z Ph—j (alv ,Oép)iEh_n
4 520 h=—oo

1 o0 o0
w Do pilar s ap)pi(@igps Q) Tig

1=—00 j=0
O

REMARK 5.2. {(x) defined by Proposition 5.2 is not necessarily a nonnega-
tive number.

In the end of this section, we introduce a lemma which we use to prove
Corollary 2.2 and the first statement of Theorem 2.3.

LEMMA 5.1. Let ()54 and (ym)o—q be sequences of integers. Assume
that (wm)2__, is not ultimately periodic and that (ym)Se— is ultimately peri-
odic. Suppose further

Ym = QqUm + Ad—1Um—1 + -+ + Q0Um—d
for any m > 0. Then aq = 1, namely, « is an algebraic integer.

For the proof of Lemma 5.1, we begin with Lemma 1 of [5] which is rewritten
from [4]:

LEMMA 5.2. IfP(a:) = Cldl‘d+a,d_1xd_1 +---4ag = ad(x—al) e (.T—Oéd) c
Clz] has distinct roots and

Xia 4+ Xgod = Z;, 5 =0,1,...,d -1,

then, for j =1,2,...,d,

1 d—1
X; = 17
J P,(aj)kzzoﬁj,k ks

where

d
2 : I—k—1
ﬂj,k = alozj .

I=k+1

Proof of Lemma 5.1. Assume that ag > 2. Write the period of the sequence
(ym)So_o by T. Put wy,, = uptr — up. If n is sufficiently large, then y,+7 = yn
and so

AqWy + Ad—1Wp_1 + *+* + AWy _q = 0.

17



Hence, there are a natural number ng and complex numbers &1, . . ., €4 such that,
for any n > ny,

wy = &1a7 + -+ Eaag. (5.6)
Let m > ng. Apply Lemma 5.2 to the linear system
Xla?—m+...+Xda2—m:wm n=mm+1,.... m+d—1

with variables X; = §;a7", j = 1,2,...,d. Thus we get

Pl (aj)§af" = Glay) (5.7)
for each j = 1,2,...,d, where G, is an integer polynomial of degree at most
d—1.

Now suppose that & = 0. By (5.7), &1,...,&q are algebraic numbers and
conjugate over Q. Therefore, & = -+ = & = 0. By (5.6) we have w,, =

UnyT — Un = 0 for n > ng. This is impossible since (u,,)5°__,; is not ultimately
periodic. Finally we obtain & # 0.
Take a nonzero integer R for which

R Ra Rad-1
Pl (a)&1” Pl(a)é” 7 Ph(@)6

are algebraic integers. Then Ra™ = (RGn,(«))/(P.(«)&1) is an algebraic inte-
ger for every sufficiently large m. However, by considering the factorization of
Ra™ into prime ideals, we see that this is impossible since « is not an algebraic
integer. O

6 Proof of the main results

Proof of Theorem 2.1. Let agX?% + --- + ag € Z[X] be the minimal polynomial
of a. Define the sequences (u,)5°__,; and (Ym)5s_g by

Ug = U—gt1 = =u_1 =0,

up = 1, yo = aq

and, for m > 1,

ad—1Um—1 + -+ + GoUm—d
Uy = — )
aq

{ad—lum—l + -+ aUm—d }
Ym = Q4 .

aq
Then we have
Ym = AdUm + ag—1Um—1 + -+ QoUm—4q

for any m > 0. Moreover, y,, € {0,1,...,aq — 1} for m > 1.
Put

F@) =3 e, 9(z) = > unem,
n=0 n=0

18



and so

f(2) = (aa+aa1z+-+aoz?)g(2)
d
= aq(l — az) H(l —a;2)9(2).
i=2

Therefore, by using (3.1) we get

1 & = )
g(z) = Zdzyilepj(a,az,-~-,ad)z]
=0 =0

1 o0
= chZ Z yipila, g, ... aq)z".

n=0 i+j>0
itj=n

oo
m=—0o0

. { 0 (m>0),
"l Yem (M <0).

We now define the two-sided sequence & = (z,,) as follows:

Then x satisfies the assumptions of Proposition 5.2. In fact, if n < 0, then (5.3)
is zero. In the case where n > 0,

oo
1
— E pila,an, ..., Qq)Ti—py = Uy
ag © 0

P

is a rational integer. Moreover, (5.2) clearly holds since p = 1. Put

-1 oo
v, = aid Z Zaipj(ag, e OQ) T g
i=—00 j=0
for integer n. Then Proposition 5.2 implies
E(@)a" = up + v, (6.1)

and

&(x)a™ = v, mod Z, (6.2)
where

1 o0 oo )
&) = a—d Z Zalpj(az,-n,ad)fciﬂ

i=—00 j=0

1 oo oo
= —E pilag,...,aq)a™ g Tho
ad =
i=

h=—o00

1 00 0
-1 -1 h
= —E pila  ag, ..., a7 ag) E Tho
aq < 0
=

h=—00
0
_ 1 h
- d -1 Z Thov.
ag [[1o(1 —atay) , 2=
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Thus £(x) # 0 since z¢g = aq and x,, > 0 for m < —1. Since 0 < z,, < ag—1
for m < —1 and since
. 1 i
lim — Z a'pi(ag,...,aq)ze =0,
N0 ad 1<0,5>0
iti=n

every limit point of the sequence (v,,)>°_ is denoted by

o0

—1
'U/ = aid Z Zaipj(QQ,...,ad)Gi,j,

i=—o0 j=0

where 6; ; € {0,1,...,aq — 1}. Putting

vy = Z max{0, pj(ce,...,aq)} (6.3)
7=0
and
v_ = z max{0, —p;(as,...,aq)}, (6.4)
3=0
we obtain
aq — 1 ’ aq — 1
— v << —y,. 6.5
ad(a—l)y =Y *ad(oz—l)wr (6:5)
By (6.2), (6.5) and v = v + v_, we verified the theorem. O

Proof of Corollary 2.2. We use the same notation as the proof of Theorem 2.1.
In the case of —1 < ag < 0, the corollary follows from (6.5) and

1 a9

Vy = ——5, V_ = ——5.
1o 1—a3

We now assume 0 < as < 1. Then v, is rewritten by

n+1
§ : i 0,h
amm{o,h}a;na)c{ }thnfl .

h=—o00

1
V. = ———-m
" ag(a —ag)
(6.5) implies that the sequence (v, )3o_, is bounded. On the other hand, by us-
ing (6.1) and {(x) # 0, we deduce that the sequence (un,)>>__; is not ultimately
periodic. Thus, since as > 2, Lemma 5.1 means that the sequence (z_,,)5%°_,
is not ultimately periodic. In particular, by z,, € {0,1,...,a2 — 1} (m < —=1),
there exists an M > 0 with

T_Mm S ag — 2. (66)
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By (6.6) and z¢ = ag, if n > M, then

oo

1 .
< - - min{0,h} ~max{0,h} 1
tn = as(a — ag) Z « Qg (ag — 1)

h=—o00
h#n+1,n+1—M

+ajag + ™M (ay — 2)>

! - i max -
- - ((az —1) Z amm{&h}az {0,h} i agﬂ B ag“ M)

as(a — ag) W=

as —1 _az—1
ag(a —1)(1 —az)  [Pa(1)]

for n > M. By putting

¢ =¢(x)a,
we obtain
ag — 1
{¢a"} <
|Pa(1)]
for any n > 0. O

Proof of Theorem 2.3. For the proof of the first statement, we use the same
notation as the proof of Theorem 2.1. If d > 2, then we may assume that
1>as>...>ag>0. Then by using Lemma 3.1 we get

d

_ Qg

: m

lim pp(ag,...,¢q)a; ™ = I | _—

m—00 " a2 — a]
Jj=3

Hence, there is an M > 0 such that, for any mi,ms > 0 with my > mo + M,

Pmy (012, .- ~7ad) < me(a% .- '7ad)'

On the other hand, we can deduce that the sequence (z_,,)5°_, is not ultimately
periodic in the same way as the proof of Corollary 2.2. Therefore, there exists
an M > 0 satisfying M > M and z_3;7 < aq — 2. Thus by using x¢ = a4 we get,

fornzﬁ,

1 .
0<v, < — Z a'pilaz,...,aq)(aq —1)

ad i<0,j>0
itj#En,n—M

+a Z apj(OQa"'aad)ad_Faid Z Oépj(ag,...,ad)(ad—2)

i<0,j>0 i<0,j>0
i+j=n i+j=n—M
1 i
T E a'pj(as,...,aq)(aa —1)
d<0,5>0
1 2 : i 1 2 : i
+— apj(a%"'aad)fi apj(a27"'7ad)
aq aq .
i<0,j>0 1<0,j>0
itj=n itj=n—M
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Since M > M, we obtain

1 1

T 7
; § apj(a27"'7ad)_a7 E Oépj(ag,...,ad)
d i<0,j>0 d i<0,5>0
itj=n itj=n—M
_(T E (Pnza2,---7ad)—ﬂn1M(0427~-~,04d))<0,
d

1=—00
SO

—1

d_l aq—1
0<v, < Z ij g, ..., ):|P(1)|'

i=—00

By combining this inequality with (6.2), we proved the first statement.
We now verify the second statement. We define v and v_ by (6.3) and
(6.4), respectively. Let us choose a positive integer A with

{_J@iiﬁ'+mjm}e(Qu&nJ' (6.7)

Write the left-hand side of (6.7) by 1. Put Py (X) = ag X%+ - +ag. We define
the sequences (u),)>®°__, and (y.,)5_, by

! / /
U_g=U_gpqg = =u_=0

and, for m > 0,

[FAtaa1u, - Faotn,_g
aq ’

ad

—A+ag_v _,+-Faou
y;n:A—Fad{ d=1?m—1 Omd}.

Thus we get, for any m > 0,
Y = @ty + Qa1 g + - F Aoty g
and
y €{AA+1,... A+ag—1}.

Since the rest of proof is same as that of Theorem 2.1 we give only its sketch.
Define &’ = (2/,)%°___ and &(2') b

;o 0 (m>0),
=y, (m<0)

and by (5.4), respectively. Then, because z,, > 0 for m < 0, we get &(x’) # 0.
Moreover, every limit point of the sequence £a™ mod Z (n =0,1,...) is written
by

oo
a—d Z Za pi(az, ..., aq)8; ; mod Z,

i=—o00 j=0
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where 6; ; € {A,A+1,..., A+ aq — 1}. By putting

oo

—1
1 _
w = o Z Zazpj(ag,...,ad)ﬂgd,

1=—00 j=0

we get
. ad—l v+ A <w,< ad—l V. + A
agla—1) |[Pa(1)] — agla—1) " T P,(1)]
Therefore,
ag—1 A
0<n < w-— [— v_ + ]
! aafa—1"" " Pl
ag—1 1 1
< +-<1.
aq(a—1) |P.(1)] 2
Consequently, we get
/ ag—1
w modZerT||nn+—-—Fv||.
aqg(a—1)
Since
aq — 1
— 0,1
[WH aalo— 1)1/] C (0,1),
we obtain
< liminf{a"} < limsup{éa"} < n+ L_ly
= n—oo - n—>oop =1 ad(a — 1)

O

Proof of Theorem 2.4. Let agX® + --- + ag € Z[X] be the minimal polynomial
of a. It suffices to prove the theorem in the case of

limsup{éa™} < 4;.

Moreover, we may assume

{€a"} <61
for any n > —d. Let o(a) be defined as in Remark 4.2. We verify that if m <0,
then o(a)sm(a;€) is a nonnegative integer. Suppose o(a) = (—1)P71 = 1.

Then, since P,(X) has exactly p zeros on the interval (1, 00),
0> Po(1) = Ly (a) - L_(a),

namely,




Thus we get
d .
Sm(az€) = — Zad,i{ﬁa_m_l} > —Ly(a)d; = —1.
i=0

In the case of o(a) = —1, we have
0 < Pa(l) = Ly (a) — L_(a),

namely,

Hence,

d
Sm(az€) = — Zad,i{ﬁoﬁm_i} <L_(a)d =1.
i=0

Since lim);| o m = 0, there exists an N € Z such that ny = sup;cz m. By (4.5)
we get

1

€™ = 31 l;@ Mo (@)s1-n—p(e;€).

Lemma 1 of [6] implies that o(a) s, (o;&) > 1 for infinitely many m < 0. Thus,
since 7; > 0 for any integer [ and

1 ¢
A ey 2 mol@sap(@i6) =0,
I=n+p+1
we obtain
limsup{éa™} > ! )
n—»oop o M(a)nNi ’

Proof of Theorem 2.5. Theorem 2.4 means

inf limsup{éa™} > §,.
£¢Q(a) msup{ga”} = 5

It suffices to show that there exists a § € Q(a) with

limsup{éa™} = J5.

Let the sequence @ = (x,,,)55__ . be defined as follows:
| 1 (n=—m!for some m > 1),
m= 00 (otherwise).
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Then « satisfies the assumptions of Propositions 5.2. We have

E(x) = é Z Zaipj(ag,...,ad)xi+j

i=—o00 j=0
= aZa pilag, ..., aq) Z oz,
7=0 h=—o00

The transcendency of £(x) has been proved for instance in [13]. By proposition
5.2 we get

oo o0
E E a” ,0] Q2,...,04)Tj—i—p—1 mod Z,
i=0 j=

Q\H

and so

&(x)a” Ef Z MT|_n_1 mod Z.

l——oo

Note that there exists an N with ny = sup;cz . Put A = {m!4+ N —1jm > 1}.
Then we get

lim _ {e(@)a"} = 2 = 5,

n—oo,n€EA

and

limsup {(z)a"} < do.
n—oo,nZA

Thus,
lim sup{&(x)a™} = 4s.

n—oo

O

Proof of Corollary 2.6. 01,682, which are defined in Theorem 2.4, are rewritten
by

1 1
01 = =
as + ag 1+ aas
and
1
Oy = .
O — (g
It suffices to show that
—1- 1
51—y =2 (atDaz o (6.8)

(14 aaz)(a — as9)
First, we assume o > 1 + 2+/2. Then

a—1+(-2+v2)(a+1)

(1+ aas)(a — asz) > 0.

517(52>

On the other hand, it is easily seen that if @ < 1+ 2v/2 and as < 2 — /2, then
a=2++3ora=(3++5)/2. (6.8) holds in each case. O
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7 Note on Mahler’s Z-numbers

Mabhler conjectured that there does not exist a positive number ¢ satisfying

HONES

for all integers n > 0. Such a £ is called a Z-number. Mahler’s First Theorem
[8, 12] implies for any u > 0 that there exists at most one Z-number whose
integral part coincides with u. Flatto [8] generalized the theorem above as
follows.

Let w > 0 and a > b > 1 be integers. Assume that a and b are coprime. Then
there exists at most one positive & satisfying

€] = u

and, for any n > 0,

{(5)} <min{5.
- min<{ —, — ».
b b’ a
In this section we introduce generalization of these results to the powers of

algebraic numbers.

THEOREM 7.1. Let o > 1 be an algebraic number and let aq(> 0) be the
leading coefficient of the minimal polynomial of . Suppose that o has no con-
Jugate on the unit circle. Let y be a positive number. If L_(«) > Li(«), then
assume that

Li(@)y +[L-(a)y) < aa. (7.1)
Otherwise, suppose that
L-(a)y + [L+(a)y] < au. (7.2)
Then there exist at most countably many nonzero & such that
{Ea"} <y
for any n.

Example 7.1. Let us recall that 6;(= 24.97...) is the unique zero of the
polynomial 2X?2 — 50X + 1 with X > 1. We have

L,(61) =3, L_(6,) =50.
Put
S, = {€ # 0[{€67} < y for any n > 0}

for positive y. If y < 1/25 = 0.04, then (7.1) holds. Thus the cardinality of S,
is at most countable by Theorem 7.1. Assume further y > 1/47 = 0.02127. ...
Then S is not empty by Example 2.1. Moreover, S, is a countably infinite set.
In fact, take an element & = £(61) € Sy. So we have

Sy > {667 lm > 0}.
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Proof of Theorem 7.1. Suppose
L () > Ly(a). (7.3)

First, note that the set S of £ satisfying {{a”} = 0 for some n > 0 is countable.
In fact,

S c {kdl|k,l € Z}.
Next, let S’ be the set of £ such that
0<{a"} <y (7.4)

for any n > 0. In what follows, we prove that the cardinality of S’ is at most
countable. Put

S, =58N(0,0), S_ =5N(-00,0).
Take any ¢ € S, and n > d. Let agX? + --- + ag € Z[X] be the minimal

polynomial of a. Since

d d
D ag-iba ™ =Y ag-i([€a" ]+ {€a" 1)) =0,
=0 =0

we get
1A _ 1 _
[Ea"] = —— Z ag—il§a" "' — — Z ag—i{&a” "'}, (7.5)
4d ad 55
By putting
h Li(a h L_(«
I = Inly) = (—My,+()y) (0<h<aqg—1),
aq Qaq Qaq Qaq
we have
1< :
—— aqi{éa""} € I. (7.6)
ad =5

We now verify for any integer h with 0 < h < ay — 1 that Ij, contains at most
one integer. If such an integer exists, we denote it by wy,. By putting

R_ [h + I;L;(a)y} 7

we get

Rag—L_(a)y <h < (R+1)ag— L_(a)y.
Since h is a rational integer, by (7.1)

h 2 Raq — [L—(e)y] = (R — 1)aq + L4 (a)y,

and so I, C(R—1,R+1).
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By (7.5), (7.6), [€a™] is calculated as follows:

d
1 . h
[gan]iii [gan ]77+wh5
Ga i aq
where
d .
- Zad,i[ga"_’] = h mod ag with h € {0,1,..., -1+ aq}.
i=1
Thus, if ¢ € S; and n > d, then [€a"] depends only on [¢a”71],..., [Ea™ 9.
Therefore, the two-sided sequences ([€a™])2__ _ and (s, (;&))5°__ . are ob-
tained by ([€a™])% ! . Note that the cardinality of the set

(6™t le e 5,}

is at most countable because [Ea~™] = 0 for all sufficiently large m. By Propo-

sition 4.1, £ € S; is uniquely determined by the sequence (s,,(c;€))5°__ ., and
so by ([€a™])%1 . Consequently, the cardinality of S, is at most countable.

Next, we verify that S_ is a countable set. Let £ € S_. Note for m > 0 that
1—{=¢a™} ={™}

since éa™ € 7. If n > d, then

1< I - 1< .
[—&a”] = T ;ad—i[*fanﬂ] ey ;ai + aa ;ad—i{ganﬂ}

and
1 & :
— Zad_i{«fan_z} € I,
ad ;55
where
h L_ h L
=50 = (5 - 5 ) 0<h<a- )
aq aq aq aq

The interval I} has at most one integer point. If such an integer exists, we
denote it by wj,. In fact, by putting

h— L(a)y} ,

aq

R’:1+[

we get I, C (R’ —1,R' +1). Thus, if n > d, we calculate the value [-£a™] by
using [—£a™7 1, ..., [~€a"" 9] as follows:

1< 1< h
—fa" = —— > agi[-€a" T = — > ai— — 4w,
[ ] o ;:1 d—il ] p” ;:0 o T
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where

d d
- Zad_i[—fa"_i] - Zai = h mod aq with h € {0,1,..., -1+ ag4}.
i=1 i=0
Finally, by Proposition 4.1 —¢ depends only on ([—£a™])4! | which implies
that the cardinality of S_ is at most countable. We can also verify the theorem
in the case of L_(a) < Li(«) in the same way as above by showing that
I, C (R(Q) —1,R® 4 1) for 0 < h < ay — 1, where

r® — 4 [P Loy
aq

and that Ij, C (R(S) —1,R®) + 1) for 0 < h <ayq — 1, where

R® — w
Qaq ’

O

Let a > 1 be an algebraic number and y a positive number. Suppose that
y satisfies the assumption of Theorem 7.1. Then by Theorem 7.1 there exist
at most countably many nonzero £ such that all limit points of the sequence
&a™ mod Z (n =0,1,...) liein 7([0, y]). We now consider the cardinality of the
set of real € such that all limit points of £a™ mod Z (n = 0,1,...) lie in a given
interval in R/Z.

THEOREM 7.2. Let a > 1 be an algebraic number and aq(> 0) the leading
coefficient of the minimal polynomial of o. Suppose that « does not have a
conjugate on the unit circle. Let J be any interval in R/Z such that its Haar
measure satisfies

(7.7)

Then there exist at most countably many real £ such that all limit points of
¢a™ mod Z (n=0,1,...) lie in J.

REMARK 7.1. Let J = 7([0,y]) (y > 0). Then (7.7) is rewritten by
L(a)y < aq.
The assumption above is stronger than (7.1) and (7.2). In fact,
Li(e)y+ [L-(a)y] < L(a)y
and
Li(a)y + [L-(a)y] < L(a)y.

Example 7.2. We consider the case of « = 6, again. For any interval J in R/Z
with u(J) < 2/53 = 0.03773...(< 1/25), there exist at most countably many
real £ such that all limit points of o™ mod Z (n =0,1,...) lie in J.
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Proof of Theorem 7.2. 1t suffices to prove the following;:
LEMMA 7.1. Let J' be any interval in R/Z with length

aq
L(a)’

pu(J') <

Then there are at most countably many real & such that
o mod Z € J'

for any n > 0.

We check that Lemma 7.1 implies Theorem 7.2. Without loss of generality,
we may assume that J is closed. Write J by

J = 7([y1,92));

where y; < y2 are real numbers with ya — y; < aq/L(«). Take a sufficiently
small £ > 0 such that
aq

L(e)

Yo — Y1 +2e <

Put
J =71(lyr —e,y2 +¢€)).

Let S (resp. S’) be the set of £ satisfying the properties of Theorem 7.2 (resp.
Lemma 7.1). Then, since

Sc{tammeZeS'},

the cardinality of S is at most countable.
Let us verify Lemma 7.1. It suffices to prove the lemma in the case where
J' is denoted as

J'=7(ly,y +9]),

where § < aq/L(a) and —1 < y < 0. We choose a real n with —1 < 7 < y.
Then, for any real x there exist a unique integer ¢(x) and a real number ¥ (x)
with ¥(x) € [n,n+ 1) satisfying

z = p(x) + ¢(x).

Note that 0 is an inner point of [,n+ 1) since —1 < n < 0. Thus, if £ is a real
number, then we have ¥({a™™) = £a™™ and p(fa™™) = 0 for all sufficiently
large n.

In the rest of the proof, we show that £ € S’ is uniquely determined by
a sequence (p(£a™))%! . The cardinality of the set of such sequences is at
most countable since ¢(£a~™) = 0 for all sufficiently large n. Hence the theorem
follows.

Let p,ai,...,aq, and agX? + --- + ag € Z[X] be defined as Section 4. By

putting
d .
Si(05) =D ag_ip(§a™),
i=0

30



we obtain

1 oo oo
£= a Z Zpi(ah"-,O‘p)pj(a1+pv~~-,ad)s;+j(a;£)' (7.8)
i=—o0 j=0

The proof of (7.8) is the same as that of (4.4).
We prove for & € S’ that ¢(£a™) depends only on ¢(£a™ 1), ..., p(Ea™"9)
forn > d. By

1 : n—i 1 : n—i n—i
0= w ;adﬂ'fa ry ;adfi (gp(ﬁa )+ (€ ))7
we get
1 & . 1 & ,
p(6a") + =3 aa-i(€a" ™) = ==} ag-ip(§a"). (7.9)
i=0 i=1
Thus
A
w ; ag—ip(a""") € K,

where the interval K is defined by

d d
y L (a)d y L ()8
K ad;az aq ’ad;al_F aq
Note that [y,y + 6] C [p,n+1). Soy < ¥(€a™) < y+ 4 for any n > 0 by
the definition of 1 (z) for a real z. Thus the length of K is less than 1 by the
assumption of Lemma 7.1. Hence, since p(a™) is a rational integer, p(€a™) is
calculated by (7.9).
Therefore, if £ € S’, then the sequence (p(£a™))5°__ . and the value &

depend only on the sequence (p(£a™))%4! O

m=—o0"
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