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Model selection criterion for periodicities in functional
time series

Rinka Sagawa  (Waseda University)
Yan Liu (Waseda University)
Valentin Patilea (ENSAI)

The statistical inference for time series in Banach space has been developed. That
allows for new modelings in functional time series analysis. (Bosq 2000, Ramsay,
Hooker and Graves 2009). Functional time series consist of functional observations
indexed in time order. This is obtained by segmenting original data into smaller inter-
vals. One of the characteristics of functional time series is the periodicity and detecting
it helps us understand the functional features better.

In this research, let us consider the trigonometric regression model of order 7y (rg
is provisionally known) with functional time series (e.g. Hormann et al. 2018):

Yi(u) = p(u) + (Z (v cos(t0k) + B sin(t@k))) w(u) + Xi(u), wel0,1], (1)

where {X;; t € Z} is a zero-mean stationary time series of functions in H := L*([0, 1]),
p and w are unknown functions in H with ||w(u)||3, = 1. For each i = 1,...,rg, the
parameters «;, f; (a; # 0 or B; #0), 6; (€ (0,7)) are unknown.

By adopting the empirical functional principal components score for a fixed con-
stant (e.g., Aue, Norinho and Hérmann 2015) and converting the model (1) to the
vectorized model and the matrix form model, we described the estimation of these
parameters when the number of periodicities rg is provisionally known. Theoretically,
we established the consistency of the estimated parameters under some regularity con-
ditions.

For specifying the unknown parameter ry, we proposed a BIC-type information
criterion for a trigonometric model in functional time series:

() = log{32()} + (s + W) B )

where 62(h) is the prediction error by fitting AR(h) model to the first principal com-
ponent of the residual when estimated r periodic component are subtracted from Y;
in the vectorized model, k := Ky is some positive constant, and N is the number of
observation in functional time series. We now completed the algorithm to estimate rg
by the information criterion ¢(r, h) with an upper bound H satisfying H = o( N'/4)
and the minimizer h, of the order of an autoregressive model.



Algorithm 1 The algorithm of detecting the number ry of periodicities.
Set : r=20

Step 1 For h < H, fit an h-order autoregressive model to X;(0) to compute 62(h).
Step 2 Minimize (0, h) with respect to h to obtain (0, k).
Step 3 For fixed 7, estimate the (r + 1)th frequency 6, by utilizing (5).
Step 4 For h < H, fit an h-order autoregressive model to Xt(r + 1) to compute 62, ;.
Step 5 Minimize ¢(r 4+ 1, h) with respect to h to obtain ¢(r + 1, }ALTH).

If o(r + 1, heyr) < (7, hy)

Repeat Step 3 through Step 5 with r < r + 1.
Else

Stop the recursion and obtain 7 = r.
Output : The estimated number 7 of periodicities

Theoretically, under some regularity conditions, we proved the consistency of the es-
timated number of periodicities obtained from Algorithm 1 by explaining the frequency
domain framework of the functional time series.

In the simulation, we confirmed that the proposed criterion is insensitive to the
choice of k as sample size increases by checking the “stable” range of k become larger
as the number of observation increases. The term “stable” refers to the ability to
choose the correct number of periodicities across all simulations most frequently.

In the data analysis, we reported the application of the proposed method to the
sunspot data and the temperature data to verify the practicality. Regarding the
sunspot data, 11-year cycle is estimated. Regarding the temperature data, 3-year
cycle is observed.

Regarding this talk, there were questions concerning the AIC-type information cri-
terion and its comparison, the “stable” range of the penalty term in the proposed
information criterion, the consistency of the estimated frequency parameter, the regu-
larity condition, and the real data analysis of sunspot data.
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Bias-corrected k-means method
for high-dimensional low sample size data

Kento Egashira®, Kazuyoshi Yata’, Makoto Aoshima’

“Department of Information Sciences, Tokyo University of Science
Institute of Mathematics, University of Tsukuba

1 Introduction

Cluster analysis can be categorized into two primary types: hierarchical and partitional.
Hierarchical clustering organizes data into dendrograms based on the similarities deter-
mined using a predefined linkage function. A dendrogram enables the observation of the
process of merging or dividing of clusters. For further discussion on hierarchical cluster
analysis, refer to Everitt et al. [4] and Hastie et al. [6]. As implied by its name, partitional
clustering segments data into a pre-determined number of clusters. K-means clustering
is an example of partitional clustering. K-means clustering has been recognized as an
effective method for analyzing microarray gene expression data. Such data typically fea-
tures a high number of variables relative to the sample size, resulting in high-dimensional,
low-sample-size (HDLSS) scenarios. Recent research has extensively explored HDLSS
asymptotic clustering. Several studies have contributed to this field. Liu et al. [8] intro-
duced a two-way split statistical-significance-of-clustering (SigClust) method specifically
for HDLSS data. Ahn et al. [1] developed a hierarchical divisive clustering approach for
high-dimensional asymptotic. Huang et al. [5] enhanced SigClust by incorporating a soft
thresholding technique. Kimes et al. [7] devised a method for sequentially testing the
statistical significance of hierarchical clustering by controlling the family-wise error rate
in HDLSS contexts. Yata and Aoshima [11] demonstrated the consistency properties of
sample principal component scores and their application to clustering in high-dimensional
settings. Nakayama et al. [9] examined HDLSS clustering using kernel principal compo-
nent analysis. To ensure effective performance in HDLSS data scenarios, Sarker and Ghosh
[10] developed clustering methods based on the mean absolute differences in pairwise dis-
tances. After analyzing the behavior of hierarchical clustering under various asymptotic
conditions, Borysov et al. [2] noted that the theoretical assumptions were stringent for
HDLSS data because of multiple simultaneous asymptotic settings. Egashira et al. [3]
investigated practical assumptions to elucidate the behavior of hierarchical clustering,
achieving theoretical results in multiclass settings. Despite these advances, the asymp-
totic properties of k-means in HDLSS settings remain underexplored.

In this talk, we examined the asymptotic properties of k-means clustering under prac-
tical conditions, building on existing knowledge of these properties in HDLSS settings.
We theoretically explored these properties as both the dimension and the sample size
approach infinity. Additionally, we present modifications to the k-means algorithm and
analyze the theoretical distinctions between the modified and conventional k-means under
high dimensional settings. Especially, we mensioned kernel k-means with gaussian kernel
function and compared performance of it to conventional k-means in the HDLSS context.
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New construction of the cylindrical distribution

Imoto Tomoaki
University of Shiozuoka

Abstract

A probability distribution on the cylinder, or cylindrical distribution is a bivariate distribution
with linear and circular random variables. The applications of cylindrical distribution can be
seen in the various scientific fields; analysis of the wind speed and wind direction in environmen-
tal science, distance and direction in the area of animal movement, position and pass direction
in the ball game, blood plasma and acrophase in the area of biological rhythms, and so on.

Mardia and Sutton [8] proposed the distribution whose linear and circular marginals are
normal and von Mises distributions, respectively. An extension of Mardia and Sutton distri-
bution was considered by Kato and Shimizu [5], where the circular marginal is a generalized
von Mises distribution by Gatto and Jammalamadaka [2]. The linear marginal and circular
conditional distributions of these two distributions are unfamiliar and expressed by intractable
functions. Johnson and Wehrly [4] proposed a similar distribution to the distribution by Mardia
and Sutton [8]. Its linear and circular conditional distributions are normal and von Mises dis-
tributions, respectively. In the case where the linear variable takes on positive values, Johnson
and Wehrly [4] proposed the distribution whose conditionals are exponential and von Mises dis-
tributions and circular marginal is a wrapped Cauchy distribution. However, its linear marginal
is expressed by a less tractable function. Abe and Ley [1] extended this distribution by turning
the exponential and von Mises parts into the Weibull and sine-skewed von Mises distributions,
respectively. More extension by Imoto et. al. [3] was considered by turning the Weibull part
into a power-transformed Pareto distribution. The construction of cylindrical distribution as a
method of specifying marginals was proposed by Johnson and Wehrly [4]. its probability density
function (pdf) is constructed as

f(@,0) = 2mg(2m{Fx () + pFo(0)}) fx () fo(0),

where p € {—1,1}, fx(-) is the linear pdf with distribution function (df) Fx(-), fo(:) is the
circular pdf with df Fg(-), and g(-) is the circular pdf. The summaries about these distributions
and the method are seen in Mardia and Jupp [7], Ley and Verdebout [6], and Pewsey and
Garcia-Portugués [9].

In this paper, a new method is proposed for constructing a cylindrical distribution with a
simple expression for its pdf. To achieve this goal, the following functions are introduced. Let
fx () be symmetric linear pdf about 0 whose variance is 1, fg(-) be symmetric circular pdf
about 0, and G(-) be the df whose pdf is symmetric about 0, or G(z) = 1 — G(—x). Some
examples of G(-) includes the uniform df G(z) = %, 2 € [-1,1], the logistic df G(z) =
H%’ x € R, the Cauchy df G(z) = %{1 + %Arctan(x)}, z € R, and the wrapped Cauchy
df G(z) = 3 [1+ 2Arctan{e”tan(z)}], € [-m, 7). And let w(-,-) be a bivariate function
whose range is included in the support of the df G(-), or w(-,-) € supp{G}, and satisfies
w(z,0) = —w(—=x,0) = —w(x,—0) = w(—x,—0), w(x,) = w(x,0 + 2k7) for arbitrary integer

10



k. For example, w(x,0) = xsinf and w(z,0) = sin(2Arctanz)sinf = 1%;2 sinf. Then, the
function

f(z,0) =2G (Aw (m _UMX»H - M@)) %fx (x — MX) fo(0 — po),

g

becomes a pdf of a cylindrical distribution. The parameter A\ controls the relation between the
linear and circular variables, The marginal pdfs of this distribution are fx (*£X) and fo(6 —
te), so pux and o are the location and scale parameters about a linear variable, respectively, and
e is the location parameter about a circular variable. This construction is one of the methods
of specifying marginals, but needs not the dfs of the marginal distributions and additional
normalizing constant, which is an advantage of the cost of the calculation.

In this talk, the properties of the proposed construction and application to real datasets are

provided, and the special case and more flexible construction are also considered.
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ANOVATS: A subsampling-based test to detect
differences among small-sample time series in marine
study

Yuichi Goto
Hiroko Kato Solvang

Kyushu University)*!
Institute of Marine Research)

Tone Falkenhaug Institute of Marine Research)

o~ o~~~

Masanobu Taniguchi (Waseda University)

1. Introduction
IKEEROEMIX, KEY) O ZEMGSLEVEDONEN LD/ DEZT, ZDEH %%
D 5 72D, FERRICE T 2 RN R MR 2 KD 5 ED D 5. I ERRE
ETHOS 7 —RIIBWERINT—RTH L nZ0WD, 2L OBz A EE §
Z2HHEOFEZHVS Z L idiRo Aimmz B AJREtED H 5. FERI T — 2123 %
DM FIEZZD—FITH 5. Long-run variance (RARZ MLVEEREBOEL) D
WL DHEE DB 72 2 08, TAUIIRIADIRERINIBIAIA N EIR Z A 5N TN S,
N E AARHEETIE, HEROFFEEOMERMEZZZ, 73 7V v 7k
ZHOWIHORERY T — 2T 2 0AFECRE L. Zuc kD, 2EIRREE
272 2R ¥ THEBREEIZR - 7.

2. ANOVA for small sampled Time Series data (ANOVATS)
IR —TTACE € 7 Ui

Zip =p+ Y, + e, i1=1,...,a;t=1,...,n

CERIND. TIZT, 24 = (2in1,- -, zitp)T B FEH OB, uo= (uy, ... 7,Up)T
BRI IRV, ;= (W, )T B ¢ = 0 Rl TRIREENR,
it = (Citts - Cip) Tep = (€fy,...,e0)  IEART FIATHI F(N) := (F1;(N))ij=1,..a

% F§D geometrically a-mixing EHBEETETDE—X Y M DBFETH2DDL T 5.
THI D FE I D RGN 1
H(] I'lplz"':’lpa V.S. H1 : Hoi)i\Z:E‘ZfL
tERMLEIN S, MENFHEZ T, =nd .y (i — %) (i —Zz) LERTS. TIT,
Zi = zia/n, 2. = Yo zi/(an) THB. M ERT, IZART P LOHEERE
EFhwh, ZoMREL LT GinkER) distribution-free TER W, ZD72, 79>
TV EERWEBERZERT 5. YT UE R R

b a
Loyt = 1% Z(Zz‘.,b,t —Z50) Zivi — Zowd)
n =1
YL, ERCHE DSV plEE p, = S0 T YTy > Tl /(n—b+1) LEHETS. 22
T, Zibr = 2o /by Fopr = Yoy Yoy 2/ (ab), T{-} AR RBIAL.

j=t Jj=t

COpEZFHWTERSINIBEIROME 25,
AEFZE1% JSPS RHUFE JP23K16851 OB #2372 DTH 3.

*le-mail: yuichi.goto@math.kyushu-u.ac. jp
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EE 1. 37907V 770y 70RI b n — o lZffWVb — oo, b/\/n — 0% i
7T T5H ZDEE p, <pZiilT L FIT Hy 2 TAT 2ME ML A X o Tlifr
R E 1 TH 5.

EBIT, pan = 0 lZfEo Ty, =0, v,/ (n27 exp (%)) = oo Ziii7zT T 5

2

L pn < pp ZiITCT 8 B Hy ZHANT 2MEXHHEY 4 X 0 CHpEmH 1 1 TH 5.

3. Post-ANOVATS Procedure
IR iERE Hy Z =AU 7RO FIRZ 2R T 5.

,,,,,

e S5, BEBMOERNZ N WS IR L, IR AERS D B v SN
SRS LT p, ZETHE LT,

Hy DR EN 3 (p, > 0.05) HE, FIEEZKT T2
HyDEHIXNS (p, <0.05) HE, RDRAT v S 1.

2. MEODZ5E H, BPEHINGE, 2EBOEARYEEZ FIRCIiNZzd D
2]y - -5 Zla). 72%2)_, ZAUTHIRTS B fEE R Aream, . ,Area[a] £35. 2@:, Rftz
T AEROEA T DRz ) — 2. 2T NTDi=1,...,a— 1LIZOVWTEIHEL,
EDRRRE DA Ty 7 R BRET 5!

i' = arg max(Z11. — Z.)-
i=1,...,a—1

AU K D E Z0El T %
JN—71: Areapy, ..., Areay), ZV—72: Areayiiy, ..., Areay.

3. TEBBNE HEIENLBETN—TITH LT, S 57425778 OB %5

% 728 DAREGE 21T 5 -
IN—T1 Hy: Y[l =---=[i'] vs. XIARE: H,: Hy DAL,
IN—T2 Hy: i’ +1] = =[a] vs. XIARE: Hy: Hy DAL

FOFNEEZZE TN —FITHLUTERDIRL, (RIDBIZEIND, £/2EF 7L —TH
DOFEEED 11222 T, MEL TEZHT 5.

LEOFINECHES Z & T, #HIRZ M ANCHEER S 2 A X =270 5 2 & HiAlke
ol A DREFEE, WBITBI 25U BT 707 b OBRER 0 7
LBV THEIENIANS AT AT —RIZHEHA L. 877 > 2 b 3Bl
HOD NI D 2 HE LR T, R TRIZAEEE ORI 5 / VY = — R DIR
M E 7032 ZRRIAERBROFTITBIT 2NN AT ADERZHETHNTIRTDICHEHT
5.
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Rank Tests for Randomness Against Time-varying MA
Alternative

Junichi Hirukawa

Niigata University

ABSTRACT

In this talk, we extend the idea of the problem of testing randomness against ARMA alternative to a class of locally
stationary processes introduced by Dahlhaus ([1, 2]). We use the linear serial rank statistics and apply the notion of
the contiguity by LeCam [7] for the testing problem. Under the null hypothesis, the joint asymptotic normality of
the proposed rank test statistics and log-likelihood ratio is established by making use of the local asymptotic normal
property. Then, applying LeCam’s third lemma, the asymptotic normality of test statistic under the alternative is shown

automatically.

1 Introduction

The stationary process has been widely used for many statistical problems in time series analysis. Various properties
of stationary model have been established and applied in many fields. Although these models play an important role
in statistical analyses, the assumption of stationarity is severe in practice. Many empirical studies showed that actual
time series data generally behave like non-stationary. Therefore, there is a natural need for a time series analysis
method without the stationary assumption. In order to develop the asymptotic theory, [1, 2] proposed important model
of a non-stationary process that is referred to as locally stationary processes. The locally stationary processes have
time-varying spectral density functions whose spectral structures changes slowly in time.

In asymptotic theory of statistical analyses, the locally asymptotic normality (LAN) (see, e.g., [7]) is one of
the most fundamental concepts and describes the optimal solution of virtually all asymptotic inference and testing
problems. The LAN approach has been introduced in time series settings. For time series regression models with long
memory disturbance, [6] showed LAN theorem and discussed an adaptive estimation.

ARMA models are widely used to describe time series data. Testing for ARMA model (or randomness) against
other ARMA model is certainly a very important problem in time series analysis, because of its implication in the var-
ious identification and validation steps of time series model-building procedures. The paper [3] gave the fundamental
contribution for the classical theory of rank-based inference. The paper [4] proposed the linear serial rank statistics for
the problem of testing randomness against ARMA model. The paper [5] derived the asymptotic distribution of the log-
likelihood ratio when an alternative ARMA model is contiguous to another null ARMA model. They also proposed
a test based on the linear serial rank statistics and derived its asymptotic normality under both null and alternative
hypotheses.

Based on the ideas of these previous studies, we consider the problem of testing randomness against locally sta-
tionary MA (time-varying MA) alternative models. We use the linear serial rank statistics and contiguity of LeCam’s
notion for the testing problem. In the contiguous case, the derivations of the limiting distributions of the test statistics
are automatic by virtue of LeCam’s third lemma. Then, our main purpose is establishing the asymptotic normality
of the linear serial rank statistics under both randomness (null hypothesis) and time-varying MA models (alternative
hypothesis).
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2 Main results

Theorem 1.
Under the null hypothesis H(()T) = H(p;0),

(T )y

Ar (0,07)
with
_ 0
" ( ~ T8 Xy Jy 4@ du ]
and
~_( V2 — 3, Ob(u)du]
- o by yde T2 [ du |

From LeCam’s third lemma, we immediately obtain the following result.

Corollary 1.
Under K (p; 6r),

a6n w5 o]

Jj=0
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Abstract

In this presentation, we propose a new spectral method for multivariate inhomogeneous
spatial point processes. A key idea is utilizing the asymptotic behavior of the periodogram.
The periodogram is an asymptotically unbiased estimator of the spectrum of a second-order
stationary point process. By extending this property to the inhomogeneous case, we show that
the expectation of the periodogram converges to a matrix-valued function that is Hermitian and
positive definite. We call this function the pseudo-spectrum of a multivariate inhomogeneous
point process. We show that the pseudo-spectrum can be interpreted in terms of the integration
of the local spectrum. We derive a consistent estimator of the pseudo-periodogram through
kernel smoothing and propose bandwidth selection methods. In simulations, we show that our

estimator has satisfactory finite sample properties.

Keywords and phrases: BCI data, cross validation, local spectrum, local complete covariance

1 Main ideas

Let m € N and let X = (Xy,...,X,,) be an m-variate simple spatial point processes defined on
RY. For i € {1,...,m}, N;(-) denotes the counting measure induced by X;. Then, the first-order
intensity function of X;, denoted as )\gi) : RY — R, satisfies E[N;(4)] = [, )\gi) (x)dx, A € B(R?),
B(R?) denotes the Borel set of R%. Next, the second-order marginal (when i = j) and cross (when

i # j) covariance intensity function of X; and X, denoted as ’yg’j )R R, satisfy
cov(Ni(A), N;(B)) = / W@, y)dady, i,j€{l,....m}, (1.1)
AxB

for any disjoint A, B € B(R?).
Next, we consider the discrete Fourier transform (DFT) of the observed point pattern. Let
D,, C R? (n € N) be a sequence of common observational windows of X1, ..., X,, with the following

form:
Dn:[—Al/Q,Al/Q] ><...[—Ad/2,z4d/2}7 n € N. (12)
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Here, for i € {1,...,d}, {4; = A;(n)}2

o , is an increasing sequence of positive numbers. Let h(x),

x € R%, be a non-negative data taper with a support [—1/2,1/2]¢. We define

HY(w) = / h(z/A)F exp(—iz w)de, keN, weR% (1.3)

where h(z/A) = h(z1/Ar,...,z4/Aq) and Hy g = [Dn|H)(0) = [, 51 g0 h(@)*da. Using these
notion, the DFT of jth point process with data taper h is defined as

J,ffg(w):(zw)—d/QH,;;/ﬂDnrl/? > h(z/A)exp(—iz'w), weR” (1.4)
mGX]ﬂDn

For ease of presentation, we will use the common taper function h over j. Let J, (w) =
(J}Slg(w),...,j,fn;)(w))—r, w € R% be the vectorization of the DFT. Then, the periodogram, a

raw estimator of the spectrum, is defined as
Inn(@) = Ty (@) Iy (W), w€RY, (1.5)

where
() = 0O IO = T,,() —ELT, 0] (1.6)
is the centered DFT.

Next, we define the second-order intensity reweighted stationary process (SOIRS; Baddeley
et al.[ [2000]).

Definition 1.1. X is called the second-order intensity reweighted stationary (SOIRS) process if
there exists Lo(x) = ({7 (z)) : RY = R™*™ such that 15" (z,y) /(A (2)AY () = 609 (z — y),
x,y € RL.

In the presentation, we will show the following three things:

(a) We prove the sampling properties of the periodogram ((1.5)) under the second-order intensity

reweighted stationary case.
(b) We show the sampling properties of the kernel smoothed version of (|1.5)).

(c) We develop a graphical representation for inhomogeneous spatial point processes.
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Cauchy sine-skewed circular distributions
and their simple EM algorithm
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Modeling skewness in circular data is crucial for accurately representing phenomena in
various scientific fields. Sine-skewed circular distributions, as a type of perturbed skew-
symmetric distribution [1], have been recognized for their ability to model skewness in
circular data. These distributions are characterized by a probability density function of
the form:

f(0) = (14 Asin®) fo(0), —7<60<m, (1)

where the base density function fy(0) represents a symmetric circular probability density
function centered at 6 = 0, and the parameter A € [—1,1] controls the skewness of the
distributions. Recent extensions [6, 4] have explored additional flexibility, though these
models still face certain limitations, such as restrictions on parameter ranges and the in-
ability to cover half-circular distributions. Additionally, the absence of explicit solutions
for parameter estimation in skewed circular models complicates their application.

Parameter estimation for circular distributions is often complex, with the solution to the
likelihood equation seldom available in a simple form, except for the von Mises distribution.
While the maximum likelihood estimate of the von Mises distribution is straightforward,
other circular distributions typically require numerical calculation algorithms. For instance,
the algorithm for maximum likelihood estimation of the wrapped Cauchy distribution is
provided in [5], but there has been limited research on estimation algorithms for other
circular distributions.

In this study, we have derived a stochastic representation of skewed circular distribu-
tions using symmetric circular ones which works not only contributes to the theoretical
foundation of circular statistics but also offers practical methods for parameter estima-
tion and model fitting. From the representation, the models are constructed similarly to
sine-skewed circular distributions, allowing for simple random number generation. Further-
more, we proposed the Cauchy sine-skewed circular distributions with a skew parameter
that takes whole real values. Specifically, we considered the Cauchy sine-skewed von Mises

*Toshihiro Abe was supported in part by JSPS KAKENHI Grant Number 19KK0287 and 19K11869.
fTomoaki Imoto was supported in part by JSPS KAKENHI Grant Number 24K06849.
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and Cauchy sine-skewed wrapped Cauchy distributions. We also derived explicit repre-
sentations of the EM algorithm for parameter estimation and accelerated the estimation
process using the vector epsilon algorithm by making use of those simple expressions.

One challenge encountered was the slow convergence of the skew parameter 5\, partic-
ularly in highly skewed data sets like the Periwinkle data. This slow convergence persists
even at very high accuracy levels, suggesting that the EM algorithm’s performance may
be suboptimal in such scenarios. To address this, we propose exploring reparameterization
strategies, such as transforming A to sinh()), which may stabilize the estimation process.

Future research could explore extending the Cauchy sine-skewed models to cylindrical
distributions, where the angular component follows the proposed models. Additionally,
exploring alternative perturbations, such as the t-distribution, could yield new models
with different properties, expanding the toolkit available for circular data analysis. Another
promising direction involves extending the model proposed by [3] and [2] to multivariate
settings, where the interaction between multiple angular components could be modeled
using our Cauchy sine-skewed framework. Such extensions could provide valuable insights
in fields ranging from directional statistics to environmental modeling.

In conclusion, the developments presented in this study not only enhance our under-
standing of skewed circular distributions but also offer practical tools for their application.
These contributions lay the groundwork for further advancements in directional data anal-
ysis, with wide-ranging implications across various scientific disciplines.
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Abstract

We compare two classes of performance measures based on the Foster-Hart risk
measure and extended Foster-Hart risk measure. One class of performance mea-
sures is the reciprocal of the Foster-Hart risk measure and extended Foster-Hart
risk measure. Another class is the performance measure modifying the Sharpe ra-
tio with standard deviation replaced by the Foster-Hart risk measure and extended
Foster-Hart risk measure. We also compare these two classes of performance mea-
sures with the traditional performance measures of the Sharpe ratio and Sortino
ratio. We present simulation comparisons of the two classes of performance mea-
sures, Sharpe ratio, and Sortino ratio as well as empirical examples using stock
data. We show the former class is superior to the latter class as the performance
measure retaining the intrinsic nature of the Foster-Hart and extended Foster-Hart
risk measures, which are extremely sensitive to the disaster risk but insensitive to

gains.
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SHERPTETIVICEITS
Ty & N RSHRY 2 L ELED
PP e R SO R (o
MK B
B LKL R P

1 ([ELC®IC

AHFEDNRTH 2L EIEIEL, YORL EOMHOMIZEVWEDH LD E2MHITESFETHS. H
AR T 2 —F— - 7 L —~<— (Tukey (1953), Kramer (1956)) @ /5L & % v b (Dunnett (1955)) O
Ik, ¥z 7 x(Scheffé (1953)) DHIERETMA T, B4 WRBELE ICHIG L 722 BHBIENER IO TV
5. ¥z, ERDHERE L ZLHETNVICB T 2L BEHBREO X TRR SN T WS G, EH 721
DWELSNIHTHEDOTHS. £ T, AR T L DMERRHIEZ T, SHERSHET VIC
BB e iz RN T2 2 EEBIEICDOWTELRT L. 205G, FHZ2HHT 2HG &L ik
EHEHIS BRI TRV O/NMERDHGRIZR Y 7 20— " ORERE - M 0580 AL
PRETERN. AFRTIE, WHEHMRIC X > THRIDOEWFELIRE L. £/, EHAFOBNZY

HiT774 > 7=.

2 WA

BEIERADD Y, kEDKE Ay, - A, EZD. KEEA; 2B BEADBIIE (X1, Xig, -+, Xin,)
EHIREE KO, Xy WEIEBD N (1, 02) KRS LT 5. I5ICTRTO Xy WHWICHNLTH 5 L ARE
T5. MY X & n=n+-+np 8L F p L0 0? O—BEUNIBAREERE, ThTh,
X, 62 235,

kEOKEDRFIGE RO TRTOMKEZEZS. 1<i<i’ <k&Rd (i,/)ITHLT, 1DDH
D 728 DRE I,

WA Hi iy s = e 22 0f = o vs. KL H(‘g,i,) D # pe T2 0F £ o2

THhotz. U, Uy ={(i,7) |1 <i<i' <k} TEHL.
(i,i/) Euk- 0= (/,Ll,--- ,,uk,cr%,--- ,O’,%) c:i’j‘bfl Uii/(0)7 ‘/“/(9) %

X — Xy _(/Ji—ﬂi’)’ Vi (6) = log 67 —log a7, — (log o} —logo?)

N4

o0 k—1
&B%,AM@Ek/‘{éu%J%x—Viﬁ} dB(z) ¥ U7z, 72720, O(x) I3EUE 6 0 ) A
BT 5. COLE, ROME 1 %67,
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BEL &M lim L =XN>0 (=1, k) DFT, t; >0, to> 0 ITHLT,

n—oo N

A(t1]k)A(to)k) < nl

i
— 00

m P < max |U”/(0)| S tl, max |V;l/(0)| S t2>

1<i<i’ <k 1<i<i’'<k
HER D LD, 0
A(t|k) 128 L T,
A(tlk) =1 —a 21723 t D% a(k; «)
e U7,
0<a<liZHLT, a*Za*=1-y1-a CTEHLL. Z0OLE, #i#E1 LY, ROARGEXHZ
57z
[1] ERRE 1 — o OFHER RS FEXE
{pi — pir , logo? —loga?| (i,i') € Uy} DISTEREL — o DMWY 72 RIS HEX 1,

=2 =2 =2 =2
Xi — X —a(k;a ) | 2+ T <y < X - Xo talksat)y | 704 7
n; Uz n; TG
~2 ~2 o ]2 2 2 2 ~2 ~2 * 2
loga; —loga; —a(k;a®) ] — + < logo; —logo; < loga; —logd; +a(k;a)y/— +
n; Uz n; T
((i,3") eUy) IZLoTHAONT. O

[ 2FUT, { RIS H oy vs. SISCARE HG L) | (,7) € Uy 1SS 2K o ORI Y v 7
VAT Y TLHEIBIGE L Y VF ATy TLEBERE 2157-.

TRTOFIE IS 2L EMBIEE UT, {u, logof| 1 <i < k} OEHHEB1 — o OWHER7Z
FRMEHX M 2572, 2512, ZOAMMEEKMEZR, YV IVATy TOLELBERER2EE, Z0v
YINAT T DL EMEHE & BT 5 FREHIREEEZ R U 7.

&3

(1) AAHE - HBE5E (2021). [ZEERDIERDAE TV E T 519 & 538 [F R FER 0D 72 8 D
FTAUHEITRD R LR ZEER T AR AR SR S

bl

(2) Dunnett, C. W. (1955). A multiple comparison procedure for comparing several treatments with a

control. J. Amer. Statist. Assoc., 50, 1096-1121.

(3) Hayter, A. J. (1984). A proof of the conjecture that the Tukey-Kramer multiple comparisons proce-

dure is conservative. Ann. Statist., 12. 61-75.

(4) Kramer, C. Y. (1956). Extension of multiple range tests to goup means with unequal numbers of

replications. Biometrics, 8. 75-86.
(5) Scheffé, H. (1953). A method for judging all contrasts in analysis of variance. Biometrika 40, 87-104.

(6) Tukey, J. W. (1953). The Problem of Multiple Comparisons. The Collected Works of John W.
Tukey (1994), Vol. VIII Multiple Comparisons. Chapman and Hall.
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ZEILROM®E
J VISR N TENLINT AN Y TIEA
LRI T

INEEAR T B DA ARAE U 722\ B D WL B Gy (KRB ER) 12 & 23a B Fik i 7 — R i 12 E
MY 256, TOEBORE (PUROEX) 1%, DHIKEFELZVWRREZRI>TWa., BIMERTH D
AZRAFE LR WIERLIZEE D K 7 X5 A B ) w ZigatElE, #HEERER ONUR B & < Skl & 2046 D i
(RS 2 R 2 K > T\ 3. Héjek and Siddk (1967) 13, 23 7EBEEAL, w432 VO
RIARAE & — AL U BRI ME DB GR 2 SR L EME L LT LD TWE. TOHFEHIZHE I, T WL
HiEmIE Chernoff and Savage (1958) L IR FDT LAY MBIl Lo TRldINTE Y, #F
Lo TWVW5., AKKTIE, KT, LEUMKEOEMBEL LT, ROZFERET VEE AT

HEERANDY, KIEHDKIE A, ... Ay, BEZ, KHE A TBITAEROBNE (X1, X, -+, Xin,)
AR 2B B K, SEID w;, TH B IF— OGRS F(r — ) 2528 Uk §
Hbb,

P(Xiyj <a)=F(z— ), E(Xy)=p

Thotz. Fla) FRATH->TEEIVEDE TS, MREIFMELRSTHLWE L. f(z) = F'(2)
BLY, [T oaf(a)de =0AHDLD. IHIZTARTO Xy BEWIZHNTH B LARE L7z, MEEY
A RX%En=n1+---+n, BNz,

F Ok EHDOKHED IR DT RTOIIREE X7, 1 DD HIED 728 DIUE 1%

U’%ﬁ4&§% H(i,i’) oM = Wi VS, iﬁﬁ’ﬂiéﬁ H(fz{i’) Mg 7é i’

B, U, &
U, ={0G,i) | 1<i<i <k}

CEHETB. RIS H oy vs. SRS HE ) 18 U CRIEERHO 7 7 3 — Hy
Hr ={Hqn | 1<i<i <k}={Hy|velU}

ERBTE D, 2 HHOEABIIAED F TIERLZ D DMERBIED, AT« =)V - Ry T AL o TH
%éﬂfh‘é Ni/i =ny +n; {@Eﬁ{ﬁ”’ﬂﬁ Xﬂ, s ;Xi’n.i,Xi’la ce 7Xi’ni/ %/J\é L\jﬁi)) 6?[]?/\7': bl %o)
Xie QMR %, RED 295, an, () & {1,2,--+, Ni} 2 SEBAO AT TEHE LT

n,
_ ) _
Ty = E an,,, (RM —nyan,,,
=1

L. 2L, an,, = (1/Np) S0 an, (m) T3, ZOeE, JEAHEHE

Oi'in

~ Tirs N _ 2 ..
Zpi = —", Opin = $ ]if 2 1) Z {aN/ - GNW} ((4,7") € Ug)
zz i T

EEIZUMERTHERMITKIZL 2\ X FRX MY v 2kl Rz, ZDEE, §XTOFIHE
(ZBE B [RIRHE R X ] & % B ELBRAR A 12 BRAE U TRl Fnad U 7z,
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SEOMEPHEYE OREROMINC X 0 BRI ICER R E AND Z e BN TEDLENLE . —i
2, TEFRIRDH 5 E T IV TOLELRER, HPHHOLRNET IV TOLEILEREEZ KE ERT 5.
ZD®), HFHHOHZETNT) VRTA M) v I EEERT LI LIIFEICARRTHS. Zh
IZ& 0, BEEIZER I 2 ANZIGE DDA T 5 /) Y RT A N v Ik INERTH 54
WHRIE LN ) V85 A N ) w 2 S EIBGEIZOWTH iR U7z, WA, REDOE 2 IE LR
IR Z AN 8T A N Y v ZETFILT, BEEHED T 2 IR RGO MO E BG & /7
D e H R % WSS U 7 B AR OB 25 13 IEH 122 0.

RERHZ ) 2 ARG S 2 046 1TRKAE U 72 WIEAL RIS A BRI TR ISR ET 5 Z e AT &
BN T — R ENT O T & AHBHA DRV, LD, KRETIEIREREZITO ) VI A M)y
ZIRIFELD B ed o7z,

2B ZBROEEUIRT Y VIS . KT Y VIS BHED 7 — 2130 < 5 THIFE
T3, K7V VETVORFFIRIIEETHLICE00DST, KTV VETFTLTINETREINT
E AT FER E PSRRI NTV R 2 IRV RV, FEITHTHWSNT WSRO E
TIVRLEDIEHT D72 DRIV X — A T IVOMEHEIIES KTV VETIVOHE L HERKIZDRW. R
TV VA, B, NV —A SR L B EROAATH S, HEIHIT, Tho 1 AR
HETIMTET B8 L WKREHRNTIEZ, 5 2 8iICdd U 7205 e & MRk R G & > THESE L 72.

54 HIZ, 2 DA EORE O EROE & E LS EAT TV, 2 tlitEET TV, MERKOHE
Rtk 2t U7z, 200 OBUEEN R BRI, H2MITMH Lz VX5 A M) v 7 Mm%
EHTE S, EHEAMHIND 2 A EOREERID/NT A MY v 75 ME TV CHGHEITEZ2@RL 2 Z &
FEEL . 1933 4RIZ R - BT TV A UZZIERDAR (D A50H0) DNV TG A DO FRICEB L
WD MWDo 7z,

55 HIIMHN LIS N TOZEIBIME LI AL T — b F—E 2V FHRIZ DN TR AT,

UEDTRTONEFITILULTOEFERIZRLBINTWS.

&

(F 1) AAERE (2011). TEEEEGEE T VICBIT 5L EMKRIE —RXFA NIy o, JVRIA RN YD
DEILREET—T P IR, ez ik

(F2) AfaEE (2012). TRERIZORMEE —F — X LHEROFET O EN L OB BE—) HATEG R
(F 3) HAEE, AZIlTE (2018). T HEMBIEOH G & BUEFHRE ) 7 HR

(3% 4) Shiraishi, T., Sugiura, H., and Matsuda, S. (2019). Pairwise Multiple Comparisons — Theory

and Computation—. SpringerBriefs in Statistics.
(# 5) Shiraishi, T. (2022). Multiple Comparisons for Bernoulli Data. SpringerBriefs in Statistics.

(F6) BAEE (2025). [ NI XY v ZHEHE —/MEATHRMEIZE SV M FiE—)

NS
IR, a7 AR
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Fréchet regression i & 2 IF2—27 V) » FZEH LD 7 — X @k

B ERRN AT TR e
BERBAREH TR HAfE
FOER LR EREFRE 0 /N5

1 Aa>bO&o>axv.

[Petersen and Miiller, 2019] {% Fréchet “FOBER %2 SEA E o Aiic—fRAL L, IE2—2 U v FZ2ERM E O RIGZERITH S
LN IRIEY 7 VoI X MY v ZEEFIEEBFE L. (224 Global Fréchet Regression, Local Fréchet Regression
IS .) RIS T Local Fréchet Regression ICERZ YT, B AL M ZERNICRE LIGEDET VL, AT —X
NDICHZEZ 5.

1.1 3R5E.

(Q,d) MR T2, SV RLART (X,)Y)~F%2EFZ2%. ZZTX, Y Z3ZhZPhRP, QDfEZ LD, FIERP xQ
Lo (X,Y) DRZHATHS. p=E[X]| & ¥ = Var(X) BEEL, S IFIEEETH 2 L RET 5. [Petersen and Miiller,
2019] 1Z X =2 526172 2 TDY O Fréchet [EREABZEA L 7.

me(x) = arg rgin Mg (w, z), Mg (-,x) = E[d*(Y, )| X = =], (1.1)
we
(1.2) 13 Q = R O5EOBEHE OEIFHEICE T 2 BIFEEE m(z) = E[Y|X = 2] DIEFRIE > TED, mg(z) ZHEET 5/
YXZ X MV v Z[ElfEE 7LD local Fréchet regression model[Petersen and Miiller, 2019] T® 5.
1.2 Local Fréchet Regression model.

LIFTldp=1%733%. Local Fréchet Regression model i& Q = R D& D FEFAFEEREOER» S5E» NS, H— 3L
B, 8 RIS U, Ky() = b K (-/h) EEDS. X512, py = B[Kp(X —2)(X —2)7], r; = E[Kp(X —2)(X —2)7Y],
03 = popz — p3 LED, BAMEM s & s(z,2,h) = 5 Kn(z — 2){pe — pa(z — 2)} TEFKS 5. local Fréchet regression
model[Petersen and Miiller, 2019] Cil}ﬂr‘f‘ﬁ%éﬂ%.

lg () = ar%ergin Ln(w), Lp(w)=E[s(X,z,h)d*Y,w)] (1.2)

ZZT, n @AY FIEDHI A =h, TNTE2H5DTH5.
1.3 #E.
(XL, V1), (X Vo) "R F e U, s (n) OHEERE LTREEZS.

lg(z) = arg min L, (w), Lp(w)=n"" Z Sin (2, h)d*(Y;, w) (1.5)
we =1

Z :f7 S“L(ZE, h) = %gKh(Xi - m)[[jﬂ - ﬂl(Xi - SL')L ﬂj =n"" Z?:l Kh(XZ - z)(XZ - z)ja a'(% = ﬂOﬂQ - [L%

2 EBEIRILMEMICEITS LFR.

lg(2) DEBEDTIIIIRINTEH T2 Z LA TERNWZD, Q &2 AL M ERICRELEETUICOWTER 3.
BEL QDAL NEBOL E, (X, Y1),..., (Xa,Y,) K FazatL,

lg () = arg min L, (w) = n~} Z Sin(x,h)Y;. (2.1)
weN =1

EHMRIGERBIINT 2 5 X MY v ZEARBEFILEZ QDB —BDO L LU FNERTH 3 EIHET 5.
EEL (JVINFTRAERY v IEIBETIL (9 : EILRIL FZERE))

Y = me(X) + o(X)e. (2.2)
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ZIZT,eldQ LOMRERTHD, X LT, Vw € Q,E[(e,w)] =0, E[|le|3] = E[(s,&)] = 1.
%72, 0%(z) = B[ (Y, mg(2))|X = z].

FE1 QZELALMEHE L, (22) DETADPLD 7 YR LMER (X1,Y7),...,(Xn, Yy BESNE T 5.
WY HAREDD &, Vw € QITHTL,

Vi { (is(e) = mo(a), w) - (L T ey )t} - v (0 L 2.

3 QB H. AN

IEEMES — 2V ZHWT, B~V FZE-MTRY Q EOTF— X ZFEAKE L~V F2ER (RKHS) I L. RKHS kT
RT3 %2EZ22. k:OxQ->REZELEQ LOEEMI—FLE L, H, ZIEEM@EA — 20 kI2XDEE S RKHS
55, X200 = Hy % &) =k(2) TEDEDDE. T—RY, € Q% & TEWTZ2Z212&D, Hy FOF—%
(O}, ={k( -, V), DMELNZ. Y € Q% O TEMBMLZOY) € Hy & X ITHL, IFTD/ Y5 X+ v 7
METNEEZS.

E#&H2. (RKHS H, ED/ YIS A MUYy IEIRETIL)

(V) = mi*(X) + o(X)e. (3.1)
ZIZT,eld Hy LOMRERTHD, X LT, Vf € Hy,E[(e, /)] =0, E[lel},] =E[e,e)] = 1.
7z, 02(z) = E[d*(@(Y), m&* (X))|X = z].

EEME S — F L kD3, arg min E[d2((Y), f)|X = 2] = ®(mg(z)) 22T 2 &, mlk(2) = ®(me(z) 7% 5%. LTT
feHy
BIZDEI5BEkEEZS. (41) DETANRLD T VR LEAR (X1, 2(Y7)),..., (X, 8(Y,)) CHLTLFREZEZ % L,

ZH’” =n"! Z Sin(x, h)® (3.2)
B2, I (2) € Hy ZUTOR/MUMBIZ X - T, Q LOBERIHIGEE 3.

i’é(a:) = arg min d(lgk (), ®(w))? = arg min {k(w, w) —2n~1 Z Sin(x, h)k(Ys, w)} (3.3)

weQ —_— wen et
(ig* @)@ (w), gk (@)~ () )

4 AET—IANDIHA.

HaTF =& 37— X2 OSZBAES TR AHEEZR TS DT, ZORIMIC X D@ OFERHET — 21203 2 MEtF
EPERERXRWEENH 5. —75, Fréchet Regression 137 — X E D E#EE AW 2 728, AT —X b3 5
TeNTEZLEZONS. FEIEKRE LOTF—XZHNCHD, MTOREDY I 2L — a3 YIZBWT LFR oFAM%
28, RKHS 1253 F k% FHWTERA _EOSHEEROM R 2 i A4 7.

O=S’CcR3e5%. ZZT,S?={xeR®| |z|g =1}. regression function lZUT%2&EZ 3.

me(x) = ((1 — )2 cos(mx), (1 — 22)'/? sin(ﬁx),x) ,  x€(0,1) (4.1)

BE XK

[1] Ashis, S. and BarryC, A. (2022). Directional Statistics for Innovative Applications (A Bicentennial Tribute to
Florence Nightingale). Springer, New York.

[2] Petersen, A. and H.-G. Miiller (2019) Fréchet regression for random objects with Euclidean predictors, Annals of
Statistics, 47, 691-719.

[3] van der Vaart, A (1998) Asymptotic Statistics. Cambridge university press.
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V-statistic for high-dimensional time series

Yosei Yoshida
(Graduate School of Fundamental Science and Engineering, Waseda University)
Yan Liu
(Department of Applied Mathematics, Waseda University)

In this research, we consider the problem of testing for homoscedasticity in high-
dimensional time series. Testing hypothesis concerning covariance matrices plays an impor-
tant role in high-dimensional time series analysis. (Nagao 1973) has proposed the following

test statistic 1
L . 2
V =—tr [(S I, ] (0.1)

for the hypothesis of ¥ = I,,, where § is the sample covariance matrix and I, denotes
the p-dimensional identity matrix. This test statistic is so-called the V-statistic in the
literature. Let {X (t) = ((X1(t), Xa(t),...,Xp(t)) ;¢ € Z} be a p-dimensional Gaussian
stationary process with the p-dimensional mean vector p and p X p covariance function
R(h) := (R;;(h)). We address the challenge of testing for the homoscedasticity:

Hy:X =0, vs. K:X#5°I, o2 >0, (0.2)

when both the sample size n and the dimension p diverge to infinity with the asymptotic
regime p/n — ¢ € (0, 00).

We review the asymptotic results of high-dimensional time series and some assump-
tions. Denote the observation stretch by X (1), X (2),..., X (V) obtained from the process
{X(t)}. The sample covariance matrix now is

N
S=-Y(X(t) - X)(X(t)-X)T,

t=1

S|

where n = N —1and X = (1/N) N, X ().

Assumption ) 77 |h||R;j(h)|< o0 for every i,5 =1,...,p.

Assumption There exists a constant ¢ such that p/n — ¢ € (0,00) as n — oo, p — 0.
Suppose two Assumptions hold. Under the null hypothesis Hy : ¥ = J2Ip, we obtain

JAPBTV2[V = Al S A0, 1)
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where

B=8. (1—02?. {(;9-1)277/7r

—T

<trf<A>2>dA}

+e16-(1—02) 3 (p72) Z Z tr[R(—h1 — h2) @ (R(h1) R(h2))]

hi=—00 hg=—00

fed. {p2<2w>2 / [ e © F0f) dAdu}

[e.9] oo

b5 S S Y Wb — e — k) © R() @ (R)R())] b

h1=—00 hg=—00 hg=—00
+ - ) (o 2rnro) - & (2 en s 07
+jf2{<p1>2w JaCR } o [ wrora

3l Stomr]

This result shows the asymptotic normality of the test statistic V' under the asymptotic
regime with a bias correction A,.

Participating in this symposium has been beneficial to my research. Beyond the opti-
mization problem for the portfolio analysis, we would like to develop some new disciplines
as our research goal. In addition, the optimality of our test statistic is still not established
for various settings of alternative hypotheses. We thank the audience from the floor for
providing these insights into our ongoing research project.
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— A TN B 5 R4 HEHEE B OISR

FTIMNREEREDE <R« 757 « 4 7 R=> a VHERER B RSk

IEQBER my, mo R LT, M(mq,ms) & my xmg TTHIOEEL T 5. IEOBE m TR LT, ST(m)
T m x m IEEBENFTHIOES, SN (m) Tm x mIEAZBENHTHOEREEL, 0, EL2TOMY
BODmRITRZ bLeF 3. X512, E ]I 7 IOWTZOHFNMICHET 2L 2Dk
5. %, || 2=V R AERT

AHEHEHEBEL T, 7V R oR2BHlly e RV IH LT, RO—BHRBETNVEE Z 5:

y=XpB+e, Ely =0, Cov(e)=oQ.

ZZT, X € M(n, k) ZBEHOFHHETTHIT rank(X) = k < n 2z L, B € RF IZRMOEIFEEA~R
27 bb, 02 € (0,00) ERHDZAH 7 —, Q€ ST(n) EHHDOITHITH 5.

Rz, (0%,8) & v = Eg2[0?], W = Eg[B88"] %ifi/- T ERN M2 HE L72d & T, X4 ZipfHEE
B B o ERE LTy € RF O 21§ 2 1%

Eg o [E[|L]y - BI*| B,0%)] <Eg,: [E[|L"y - || B,0%] for any L € M(n, k)
Ziil3 L]y ¢ LTRBEN B, FEE, N1 REHEERE BN D & 5 icEfban s:
Bp(® K)=KX' (@+XKX ") 'y, ®cST(n), K eS8 (k).

BB, BOMERL LTINETIEED Y v DHER (Hoerl and Kennard, 1970 a,b) /ML &
(Mayer and Willke, 1975), MU —f&V v PH#EERE (Rao, 1975) 3% DX Cikam S N T X /223, Z
o DR LIRS R WHEE EIZ R TARA XEHEE B N U 2 DR % & D 7R A X7 7 A& %
LT3 (Rao, 1976). %7z, fractional rank #EE RS H 2 HOFEHIFIN E /N " RHEERS 2D
7 2ZEENTWS (LaMotte, 1978). AFEHTIZRIBREE X 2D L TOMEHERED Y 7 RICE
JBEFAEMEDIED, BB HIE e D BUR (FIE T 0 e 2t o g ROV Tidpl 213
Drygas (1983) 25) 76~ A XFEHEE & Bp(Q, K) OHFHIEEICOWTH#RT 5.
DI, @ € {I,,,Q)} &% 5. K#HHETE, 5xohiz K, Ky € SV (k) 3L T

Bp(Q, K,) = Bp(I,,K,) forany y € R" (1)

DAL T BB BE T 5. (1) DALY 2358, EAOHEEBRIFIEIF AR & OEK TR
B, GHOHERS ZOEKRTHRETDH 5. BIFEMI L LT, Tsukuda and Kurata (2020) %
Mukasa and Tsukuda (2024) TIEZ—&YV v JHERZZ X7 d L TOFEMEICOVTHML TV 5.
Bz, K € ST(k) D2 E—fkY v SHEER Be(®, K) 1314 EEHEER (@, K1) 0TI 3
Zeht K ¢ ST(k) OBAOAHCHRS S 3.

X5, 02 DRHEERICE LT, —BALRETFHMEEZEZ 2 2P LIELIEDHS. T2 TlE, "M X
BIAER Bp(®, K) 25 272 £ TO—RILIRETITHI

2

RSSp(®,K) = qu”? (y . X,BB@,K))] . ®ecSt(n), KeSVk)

IZDW\WT, 5z K|, K> € SN(k) KﬂL’C,

RSSp(Q2, K1) = RSSp(I,,Ks) for any y € R" (2)
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GMANOVA £ETIILORAHEEICHITS
o AT SR & € DRETL
REURS: BEAE M K 5B

n O BEA LT, K e HICHNE S e 7 — ZIERERHE 7 — & L, JBE
WZEZLORHTHHINTVS (FIZIEBIE - A (2003)). D & 5 LRERHIE T — &
WZBWT, 2TOMEIRT p BHIE L Z OHIER R0 - TW 5855, Potthoff and Roy
(1964) 2 X DV RRSNTRD—RILZERITEIH (Generalized Multivariate ANalysis

Of VAriance; GMANOVA) EFLEHAWEOMB L EIhTWD;

Y =1uX"+AEX"+ €, (1)

ZIT, Y BEITOEERDOERE T — 25 5725 n x p BEHTTS, 1, 32 TOEEHN1
D n RIERY PV, pld ¢ RICRHIRZ W, X 3ERPNEHETTE) & B 2 HIE R S 5
ESN 2 rank(X) = q D p x ¢ BEHUTH (FEFRTE D K 5725 D% W 2 I DWW T OFFAM
FRIR), A GEARREHETTH] & IS IE R RO SR (R 72 B AR O KU 5 At AEL
2257 3 BFNTHIMEENT WS rank(A) = k D n x kBERITTHIE L, 213 k x g REITH
THY, EIZE[E] = 0,0, T Covlvec(€)] = BRI, D nxpiZE(THITHD, 0, ZBTOH
FD0D r RITARY v, SERFND px p EAUTIITH 5. 51T, € DEITIE N,(0,, )
WKHEoTWwad L, SONR#EERES =Y {I,—1,1,/n— A(A'A)TAYY /(n—k—1)
DHWATHIDEET 2 Z L B IRET 5.

Y WIBORER R AT (RRAE) 2HE S 2BE, EENETETH X 0 ifTH2 L
T, i ZHOWERES ¢, (i =1,...,p; 1 < - < t,) DD B Z1THIBHVHNS.
ZE, X 0ifTHELTE,.. 7 ) ZHWTKREO p R ERHEET 22T, 2TOMA
R CHBORNET) (1,0 X') ° FHALBUHIET 2 RENEE) (AEX) OYIF 2 &R
HOBEDBENZIHEETE, ZhoOfERE LTHNO Y WKBORERZE 2 HIER A ¢
D(q—1) REERTHETE 2. %7, X DifFHL LT OMOHOBKD» 555 %
DEAWT uRERHET S Z 2T, AVEHOEAN MO TR2IKDRREE) % H#E
ETE3.

ZDETIL (1) IZBWT, BRERERDMZIRE L TTO p EORIHEER (Max-
imum Likelihood Estimator: MLE) {ZZHZHLLFTHLNS Z Lo TV S;

p=(X'ST'X)'X'S7'Y'1,/n, 2= (A'A)TTAYSTIX(X'STIX) L

L LD S, SERDRHERE (A OFIR) IHBEAE WD D 2355  BRLH o
BV BT X255 1%, THOOHEEBLPITLELR->TLES REDME
DH 5. WiEOHBEOFEI LY NLEICKR Mz [T 2 FEE, S% L, LGS
¥ Nagai (2011) R THRE I N, MLE OEAEIZDOWTIE Yanagihara, Nagai, Fukui and
Hijikawa (2023) I & DIBBRENTWVWD. — /T, BEDFRZEABZH N2 Zick i
T DANREC T B MER RS 2 FEE, S % I, 1T L2830k (2010) & & TREX
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NTWwa. L2L, MLE OFERZOVWTIHERINTWVARWL. £ 2 TARMETIE, MLE

BT B ETH & %BE ORMEE RIS 2 72H12, Hoerl and Kennard (1970) 12 & D $2

LAY v DHSIHINEHEEREZET L (1) NLIRLUZZHEERZIREL, TZTHEAL

CEIRI RS X =X DERGE(LDT=D D C), D TEREMEZIRE T 5 (C, HMIFmMEHEICD

W& Yanagihara and Satoh (2010) 72 ¥ ZR).

BUERBR 2@ U7 R SE TN TETH 5. £/, £ I TIIFRREEZH

W32 TRZZBEHESG L SONIMEDREETE TV I EHERT S TETDH .
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