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Probabilistic Earthquake Forecasting: How to Live Better
Between Complete Randomness and Complete Predictability

Jiancang

Zhuang

Institute of Statistical Mathematics, 10-8 Midori-cho, Tachikawa, Tokyo 190-8562, Japan

Earthquake hazards continue to pose serious threatased spatiotemporal ETAS model is adopted from

worldwide, as seen in recent devastating events like
the February 2023 Turkey-Syria earthquake, which
resulted in over 50,000 deaths and widespread de-
struction. Such disasters underscore the urgent need
for effective earthquake prediction and prepared-
ness. Earthquakes can trigger tsunamis, landslides,
and aftershocks, compounding their destructive im-
pact on communities, infrastructure, and economies.
People hope that scientistic could predict these events
before their occurrence so that we can take actions
before hand to avoid our losses of lives and proper-
ties caused the earthquakes.

To forecast the occurrence of future disastrous
earthquakes. Understanding the physical processes
how earthquake ruptures are generated, accelerated,
and stopped, is indispensable. In the 1990s, a series
of papers by Geller et al. (1997) asserted that the
occurrence of earthquakes cannot be precisely pre-
dicted. These papers led to a long argument on Na-
ture FEven though the view of earthquake forecast-
ing or prediction have changed over past 20 years,
these papers still influening the researches of earth-
quake forecasting studies. This is because, simply
using Vere-Jones’ branching crack model, we can
simulate most of the empirical probability laws re-
lated to earthquake sources and magnitude and ex-
plain why earthquake occurrence cannot be deter-
ministically predicted and discuss what are the po-
tentially useful indices for evaluating the risk of fu-
ture large earthquakes. However, earthquake source
is not completely because of the existence of the
critical zone in the crustal medium (Zhuang et al.,
2021).

As mention above, there is a significant gap be-

tween complete randomness and complete predictabil-

ity in earthquake forecasting. In statistical seis-
mology, the ETAS model has been accepted as the
standard model for describing seismic activity (see
special issue of Huang et al. (2016)) and adopted
as the main earthquake prediction models by re-
search institutes and government agencies in ma-
jor earthquake-prone countries (Schorlemmer et al.,
2018). In particular, the United States Geological
Survey (USGS) adopted the ETAS model as the
UCERF3-ETAS model for short-term forecasts in
the third all-California earthquake probability fore-
casting model (UCERF3) (Field et al., 2017). This
model the conditional intensity of the frequently

Ogata (1998):

Atz y) = p(x, y)+ Z k(mi)g(t—t:) f(x—zi, y—yi; mai),

ity <t
(1)
where where g(u) is the normalized form of the
Omori-Utsuu formula (p—1)/c(1+t/c) P, the weight-
ing function x(m) = A exp[a(m — mg)] is the ex-
pected number of earthquakes directly triggered by
an earthquake of magnitude m, and the spatial re-
1

sponse kernel
(o)

is the density function for the relative location of
the triggered earthquakes from an event of mag-
nitude m, with fy being a normal density func-

22 4 2
a(m)

f(x,y;m) = (2)

tion fo(w) = 552 e~ 207 or a scaled inversed power
law fo(w) = q521(1 + w/D?)74 is considered, and

the scaling function is o(m) = k(m) or o(m) =
[(m)]"/®. The magnitude of aftershocks need not
be smaller than the triggering earthquake. An inde-
pendent exponential distribution, i.e., the frequency
of occurrence of the Gutenberg-Richter magnitude-
frequency relationship is usually assumed for the
purpose of theoretical discussion in simulation ex-
periments of earthquake series. That is, s(m)
Be~betalm=mo) =y > is the probability density
function form for the G-R law.

The usefulness of the ETAS model encourage re-
searchers to extend this model to higher dimension
and higher resolution of seismicity, including (1) (1)
Impact of mainshock rupture geometry (Guo et al.,
2015b); (2) Impact of hypocenter depths (Guo et al.,
2015a), (3) Location-dependent and time-dependent
ETAS parameters (Ogata, 2004; Zhuang, 2015), (4)
Self-similar ETAS models (Vere-Jones, 2005).

Currently, the predictability of earthquake oc-
currences that we have understood is illustrated in
Figure 1. This figure situates predictability between
complete randomness, represented by the Poisson
process for time occurrences and the Gutenberg-
Richter relationship for magnitude distribution, and
complete determinism, where the target can be pre-
dicted with 100% precision. In recent years, the
ETAS model has become a de facto standard model
or null hypothesis for comparing with and testing
other models and ideas (Huang et al., 2016; Zhuang
et al., 2021; Zhuang, 2023), which in fact implies



(a)

Predictability in Tisse

(b)

Figure 1: An illustration of earthquake predictabil-

1ty.

that the clustering is the largest predictable compo-
nent in seismicity. In the RELM and CSEP projects,
the highly scored models are almost among differ-
ent versions of the ETAS models. Though there re-
ports declaring non-seismicity precursors, their per-
formance has not been fully validated.

In summary, owing to our inability to observe
many of the fundamental processes of the system,
as well as its inherent randomness, it is difficult
to deterministically predict individual earthquakes.

Uniform California Earthquake Rupture Fore-
cast (UCERF3|ETAS): Toward an Operational
Earthquake Forecast, Bulletin of the Seismolog-
ical Society of America, 107(3), 1049-1081, doi:
10.1785/0120160173.

Geller, R. G., D. D. Jackson, Y. Y. Kagan, and
F. Mulargia (1997), Earthquakes cannot be pre-
dicted, Science, 275, 1616-1617.

Guo, Y., J. Zhuang, and S. Zhou (2015a), A
hypocentral version of the space-time ETAS
model,  Geophysical Journal International,
203(1), 366, doi:10.1093/gji/ggv319.

Guo, Y., J. Zhuang, and S. Zhou (2015b), An
improved space-time ETAS model for inverting
the rupture geometry from seismicity triggering,
Journal of Geophysical Research: Solid Earth,
120(5), 3309-3323, doi:10.1002/2015JB011979,
2015JB011979.

Huang, Q., M. Gerstenberger, and J. Zhuang
(2016), Current challenges in statistical seismol-
ogy, Pure and Applied Geophysics, 173(1), 1-3,
doi:10.1007/s00024-015-1222-7.

Ogata, Y. (1998), Space-time point-process models
for earthquake occurrences, Annals of the Insti-
tute of Statistical Mathematics, 50(2), 379-402,
doi:10.1023/A:1003403601725.

Therefore, statistical seismology, which places a larger Ogata, Y. (2004), Space-time model for regional

focus on probabilistic forecasting, represents the best

quantification method with respect to our state of
knowledge. Furthermore, to provide more reliable
earthquake forecast models, the challenge becomes
the construction of models that can yield increased
information gain with respect to a reference of the
ETAS model. With the rapid development of obser-
vation technologies, an increasing amount of obser-
vational data has been obtained. These new obser-
vations provide new theories and approaches to help
us understand seismicity. Based on these new ob-
servations, seismologists can develop new methods
to more efficiently analyze these data and new mod-
els to connect them to the earthquake process and
tectonic environments, thus providing more knowl-
edge on the earthquake occurrence process and and
the ability to obtain reliable forecasts.
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Application of High-Dimensional Statistics to
Astrophysics and its Perspective

Tsutomu T. TAKEUCHlej‘ Kazuyoshi Yata, Kento EGASHIRA,
Makoto AosHiMA, Kohji YosHikawa, Aki IsHil,
Ryusei R. Kano, Wen E. SHi, Aina May So, Hai-Xia Ma,
Sena A. Marsul, Koichiro NakanisHi, Sucheta Cooray, Kotaro KoHNo

1. Division of Particle and Astrophysical Science, Nagoya University, Japan,
2. Research Center for Statistical Machine Learning, Institute of Statistical Mathematics, Japan,

1 Main Result

If we denote the dimension of data as d and the number of samples as 1, we often meet a case
with n < d. Traditionally in astronomy, such a situation is regarded as ill-posed, and they thought
that there was no choice but to throw away most of the information in data dimension to let
d < n. The data with n < d is referred to as high-dimensional low sample size (HDLSS). To deal
with HDLSS problems, a method called high-dimensional statistics has been developed rapidly
in the last decade.

In this work, we first introduce the high-dimensional statistical analysis. We apply two
representative methods in the high-dimensional statistical analysis methods, the noise-reduction
principal component analysis (NRPCA) and automatic sparse principal component analysis (A-
SPCA), to a spectroscopic map of a nearby archetype starburst galaxy NGC 253 taken by the
Atacama Large Millimeter/Submillimeter Array (ALMA). The ALMA map is a typical HDLSS dataset.
First we analyzed the original data including the Doppler shift due to the systemic rotation. The
high-dimensional PCA could describe the spatial structure of the rotation precisely. We then
applied to the Doppler-shift corrected data to analyze more subtle spectral features. The NRPCA
and A-SPCA could quantify the very complicated characteristics of the ALMA spectra. Particularly,
we could extract the information of the global outflow from the center of NGC 253. This method
can also be applied not only to spectroscopic survey data, but also any type of HDLSS data. The
main result is published in Takeuchi et al. (2024) and Takeuchi et al. (2024), Toukei SUuri, in
press.

2 Further Development for the Next Generation Data

The original data of this study were recently updated to the one with much higher quality. The
new data contains information of very weak spectral lines from molecules or radicals (ionized

*E-mail: tsutomu.takeuchi.ttt@gmail.com.



Figure 1: The bright regions of NGC 253 map cut out by the mask. Left: the mask region map.
White regions have significant intensity signals. Center: the cut-out region with significantly

bright emission. Right: the bird’s view of the signal.

molecules) in NGC 253. To analyze such data, it would make sense to apply an analysis method
which can deal with nonlinear correlation of data features. Kernel PCA is one of such possibilities.

We will develop this study with such methods as our next step.

References

Takeuchi, T. T., Yata, K., Egashira, K., et al. 2024, ApJS, 271, 44
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A measure-on-graph-valued diffusion:
a particle system with collisions and their
application

By

SHUHEI MANO

The Institute of Statistical Mathematics, Tokyo 190-8562, Japan
E-mail: smano@ism.ac.jp

A diffusion taking value in probability measures on a graph with a vertex
set V, > .oy @05, was established. The masses on each vertices satisfy the
stochastic differential equation (SDE) of the form dx; = 3,y ;) /ZiZ;dBy;
on the simplex, where {B;;} are independent standard Brownian motions
with skew symmetry and N (i) is the neighbour of the vertex i. The dual
Markov chains on integer partitions were effectively used. Then, the SDE
with the linear drift §(1 — |V|z;)dt, o > 0, which gives killing of the dual
chain with a linear rate, was discussed. The main result was

Theorem 1. For the adjoint Markov semigroup {1} associated with the
diffusionon a graph G = (V, E ), t he unique s tationary s tate v , in t he set
of probability measures on the simplex Ay _1, is absolutely continuous with
respect to the Lebesque measure on A1 and admits a probability density
that is strictly positive in int(Ayy|—1) and of C*(Ay|-1)-class.

If the graph is complete, the stationary state is the symmetric Dirichlet
distribution of parameter a. In this sense, the diffusion generalizes the Dirich-
let distribution. No explicit expression of the density is available. However,
an algorithm based on the dual Markov chain with the coupling from the
past enables computing the marginal likelihood using the stationary states
as priors.

Here, I report unpublished results on the application mentioned in this
talk. The dataset was from “Shugi-in no ugoki 2023” (the report of movement
of house of representatives of Japan). The forces are 10, 107, and 260 for
the communist party, the democratic party (constitutional and national),
and the liberal democratic party, respectively. This order represents left to
right in their political stances. I used the Dirichlet distribution (complete
graph K3) and the stationary state of the Sy graph as the priors, where S,
is the graph consisting of three vertices in which two of the vertices are not
neighbours. Table 1 shows the marginal likelihoods and the Bayes factors
compared with the Dirichlet distribution obtained by the algorithm. The

- 11 -



results are averages of 10,000 trials. Any prior reduces to the multinomial
sampling from the uniform distribution on the graph as a — oo.

Table 1: Forces of parties

« log ML log,,BF
K3(Dirichlet) 1 —810.5
Sy(C-D-L) 1 —677.9 58

K3(Dirichlet) 85 (optimal) —437.8
So(C-D-L) 84 (optimal) —439.4  —0.7

K3(Dirichlet) 10° —537.5
Sy (C-D-L) 106 —537.5 0
For comparison, I analyzed an artificial data a; = =a; = a3 =
a1 = 0 and ag = --- = a2 = 5 with anticipation that the data fits graph

Ly, consisting of 21 vertices aligned in a line (Table 2).

Table 2: An artificial data

o log ML log,,BF
o1 (Dirichlet) 1 ~699.2
Loy 1 —483.6 94
Ky (Dirichlet) 81 (optimal) —461.1
Loy 79 (optimal) —465.6 -2
Ty (Dirichlet) 10° —165.8
Loy 10° —465.8 0

These results agree with our anticipation if « is small: Sy (the left and
the right never interact) and Ls; (the vertices occupied by particles are in
the line) are supported. However, if we optimize a such that the marginal
likelihoods increase, we cannot select a graph. Moreover, for such «, the
Dirichlet distributions always perform the best.

I introduced the hyperparameter o as a “regularizer” to stop the algo-
rithm in finite time, and o = 1 is the uniform distribution on the simplex if
we use the Dirichlet distribution. Because of this reason, I did not intend to
take a large. Moreover, strict Bayesian will not set the hyperparameter to
the “true” value. But the usefulness of the priors is indeed doubtful. The
difficulty comes from the identifiability issue in the diff usion: we can explain
the variability of the data by either bias in the diffusion or the drift.

- 12 -



BMRIER TR T 4 v 7 BRI BT B e o —2E

AL TE

027 4 v ZEIFE, FEHE - B ICBT 26 - L b REARNZ 2HESEET LD 1 OT
H5. R x{0,1} [EHERZEE| {(xi,y:);i=1,...,n} ZEIAD D F— X & LTRITED, y 22X
DD & Bernoulli BHICIED HEREKE LTETV V7T . 3hbb, 560 cRPBFLE
LT, FEDi=1,....nBLXLPac {01} ITHLT,

P(y; = alz:) = o ((2:,6))" (1 - o ((2:,6)))"

DHER 1 THDINDE T 2D I AT 4 v Z7EIFTHS. TIZT, ot)=1/(1+exp(—t) &F
5. NIRA=R 01X, x; DEBEDIE D X S ICHKMT ZHER P(y; = 1z;) ITHET 202 RET
BRI RAX=RTHY, aPRAT 4 v Z7HEFTOMENRE 25, ZDEROEHI 26, LG
HE A TWwaiiat - BMEEET LD 1DOTHS.

RFEEHTI, FHIERITHRE N TO 0 OHEE i3 5. RIOTEE C— IR H#EE K,
BOMEOUERR, TbbiERY R 7Bz /ML 2R CHMETHS. 22T, REBRY RS
BIEL R, : RP — [0, 00) I

R (6) =~ 3 (~yilog (o ((:,6))) ~ (1~ y1) g (1 — o ((2:,6))))
i=1

YREIND., RAHEDEFR— 3 ViF, FHCZORERY 2 7B R,.(0) DR/MEREIZRE
£H) 2 7B R(0) = E[R,(0)] DEIMEREIZHN S 2380 BT vicdd. AT
P IABn LT NI W B, ZOFZHIE LW 2 2 55 M e o f:
HATRENS. =T, pPniZHLTHEIEERZTVERLIE, TOEZDESIFEL < 722
5. ZOEMEBIENEWHERTARFBEMEL 2 D155 Z &% (Candes and Sur, 2020) , B&%
EMBETH o THEMITHN L TN 7 R%2HH1525 Z & (Sur and Candes, 2019) AHEFRE AT
W5, RiHETIE, YO XD BREETHIUIMED KRR ) R 7 B O R/ MU EHER Y 2 7 B
DE/MERTEICN T 238B e R 202E 2 5.

KRz, X R >0 DHEK B[R] = {0 € R?;||0]| < R} ET®D R, (0) D R(0) 1ITxF 3 —HEKEK
DIFERNZEFANS . HISEEDR VR ETO R, (0) DEIMEDIRD D2, RO EHR/IMEME %
EZ5.

minimize R, (@) subject to ||0] < R. (1)
ZHUFFEFES ETOFEMNRELRETH D, ZOMIEICHEEL, SHEETHRIIKRD
5ZENTES. ZOXSLMEORE, EENTHD, LTHETH LIFLITEINLRE
Td % (Kuchelmeister and van de Geer, 2024; Hsu and Mazumdar, 2024). % L R,(6) »% B[R] I
TR(O) BRI OTHAUL, MBI (1) SRR 27 BRI R 1S3 2 RO ik
MBS L TRWIERl Y 72 5.

minimize R (@) subject to ||0] < R. (2)

FERFERZEBER A SR & SetE R 2 S

E-mail address: nakakita@g.ecc.u-tokyo.ac. jp.
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DT ATTIE, —RRKEDIERID D L0746 XWHEANCESLE NS, Thbb, ROk
L
]P’(hm sup |R, (0) —R(0)] :0> =1 (3)

N g B[R]
DD L0732 HIX, FELITHEER Y R 7 BB O R/IMUERER Y 2 7 B O s/IMERTEDEM & A
BB, 2O &S R/ MEREOWHE 2 FEE R E L 2dic, —RREFREXLERT .

1 DDOBELRARHNE, BMERRE (1) DEBRICH n 128 LTH NS OWRRICIE, fEDIZ R, (0)
ER(O) IKRHLTEWEASEZ2ZTHb. AHNREEXLE LT, ¥ :=Exz ] DF
Mo v 7 () =)/ |2 BEFEND. 22T, TSI LT X IEARY M// PN
33, LAY Rademacher #HEE ¥ McDiarmid O AREREH W@ XL D, ROXILIE
WIF—HEPAREREE 2 Z 22T E % (Bach, 2023) @ #4722 1ER K > 0120 L THRIERME:
P(||l]? < K*r(2) =1 DR, FEDIER G (0,11 1L T, 1 -0 U LEOMRT

wp [Ro(0) - R(0)] <2 \/RQHZHr(E) N Ws (1+ R2K2|2[r(2)) 1og5—1 @
6c B[R] n n

MDD, ZZT, ANMXp 3AELIZEA TRV CIZERIET S, ZORERD»S
MEPIC(E)Ep XD D ZORBEOREERITLE KK EKBLTWEEER 5.

Lo L, 2O—RREPAFER (1) Z—HRKBOZERI (3) & X 2% ETIEE A FTldZR\W. Borel-
Cantelli Dffid & —FREHPAER 4) 12X o T, —BKEDERI DO+ 755 v(2) logn/n — 0 Z1%
205, ZDlogn DIIIHALITRITH 5. Wﬂx_bimiﬁﬁb‘ —ZX& LT, r(X)<n/logn & X
22,1(8)/n—0THE05, ~HHRKBOERIDHD IO WIFRFTE 5. L L, r(E)logn/n =<1
TH 206 —kREPARFEKX (4 ) E— R DERZE 7200,

AFEHTIE, TAEUET 2 L OIILIMKE - HREPAERZ RS, ERIRFDO T, =, 0,
BIU p KIFLBRWER ¢ >0 BFELT, EEDER >0 LT, 1-94 L/U:@Eﬁ"“

sup R, (6) 9)| < \/\Ellr 1+HEH)( +logd—1) (5)
6< B[R]
DI D 3D (Nakakita, 2024). D EFUC XD, v(2)/n — 0 I~ R OERIO 05t 72 5.
Sk
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WA RIEZCD T ABMEDT A2ICH 5= TEHNZLET,
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MBRANA ZTRIFE )
FRURFEFR FHR AL K

TROED ., XA XFHFEE OBRGNCE T 2ROV THIEL 2o PRONEZHHT 2 DIk
B, NA ZFRFEE BT 2 HEREEIEICOW T, Masuda and Irie (2024) arXiv:2409.09660 (255 T f#at
L7z

AAHRRICIE. AN DHEEES K ORI D - 720

o BREYTHNLVHIEDEMIBVTIE, BT > FAH A4 XEHRFEIE L, —E/KEE RE - 2551
B R EORED D 2 W LT, v a7 e 7 ALREEHOCGGIEEZR D ET Z L 2%
LTW3, EBEOBEMY > IAH A4 RIFRE I E RT3, COEIGEFRRERE & & IR T
ZHDTRBVLEEMRD 72 ZHEFNTFEVS YTV VTR TEADAEZEHRT ZHEIITIEL
WA, AR TIRBENTFOV Y > FY U I 2 {ToT0WEDID XS REH L RoTWVWS,

F/2. 2 K DR FRLOMED TR I N2 DI TRV, BREY T Ak k- T
BLEHEEDME, Va7 EHEY T HAVREZREDIRUITo L3R L TEOHEERS M ITHDH T
MW e, FITEOEMEEZHERL TV,

FRBE LT, N7 X=X ERITDOHETERE ¥ T AV ENARERNCHEIC 72 2 FEICOWT S
DD o7z ZOHIRS —BANTXIE L WAL, AHRICBIT 2 I0HICBVTIE, FRoFEERS MmO
Ry Z@L T, ELHEEOEREEZHEMRL TV LRE L.

o XA ZFPHEAFETMCTIIRL . FHIDMICE L CHEREE X 2HMHATH 2 LHAL 7z, TDR
PHEZ DL, DIIPETAEEZLZMEFRZL., ZRE ZADPMETETMIE DL R OTHD B
BARETH 2D L BRI DH o720 TOHMIIIEL <. FATHETHRAkDIERHIZENTE D, FEE
WABOHEMFIZEZ2 Tl (a3 IAMTEIEHETH) 24 XTFHFEICIDAEKRL TTFHlZ
1T 12T D D % 2 & BHBA L=,

o BAREDBHADISHATREMEIC OWTHMD D o 7zo N4 A TS EREF B L CRREE T CIOH
ENTVEH, THTHILSEHEINS Z ehlifFEh s,
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Minimaxity under the half-Cauchy prior
FFREE - FEE ALl #hiE REURE « 5HI & BB - CBS  AnH &
EMDHIC X 24 XFEEET L

y|B~N(B,1p), Bk ~N, (0, 1;117)7 Kk~ 7(k), for k € (0,1)

%% Z %, Polson & Scott (2012, Bayesian Analysis) 1%, FEEET/ICBI 54 XHEGHT
(k) o kTV2(1 — k)72

ZHELEL 720 (k) 1 lime o m(k) = lim, (k) = 0o &7 3 UFRTH D, HHH D spike and
slab prior LIEfRTE 2, FLERER N = /1/k— 1€ (0,00) I KD, HED
7 % T 0.0 ()
CEX NS Z & half-Cauchy prior ¥ FHENBFTLLTH 5,
ET R eR DHEEMEICENT, HERBORIZFHRAETHL L E, MLETH 2 y
Ep>3DE ZIEFAMTD %, Polson & Scott (2012) A3 half-Cauchy prior Z #4532 R,
half-Cauchy prior D % & TDNA XHEE &

; 1 Jiy wP/2EV2(1 — k)12 exp(—klly|%/2)dr
c= - Y
' Jo #2271 72(1 = 1) 172 exp(—#y]12/2)d

DEWVEERHOZ L TH 2, BT, HHIE fuc 28 MLE y BT 222, 2%

E[llBuc — BIP1 < Elly - BI*] =p (*)
ZRUEINTRIE Uz RERTIILLTO X512, HERIIC (x) 2R3,
T p>7DL X, half-Cauchy prior Db £ TORA ZHEER Buc 13 y B EBT 3,

(x) T&H % 72 D Stein’s unbiased risk estimates 123D { T3 5H1F,

p—>5 M(-1/2,p/24+2,w) p+1M(-1/2,p/2+ 1,w)
2 M(1/2,p/2+2,w) 2 M(1/2,p/2+1,w)

THEZoNd, 72720, M(b,c,w) \TETRAERMEIEL

> +i—1)w'
M(b,c,w) =1+ ; o)
THb, THOFEIHIZBWTIE, () BT 2 ATRAERMER L%

M(~1/2,p/2+2 1

M((l//z,;o% ++2,7wuj) > g lorp21l
DESICTPHMAL ZEBPHETH D, ZOBIC, XHEFEFIC X DEERIEZ LT, BEICHE
KDHILT B C & 2RSS 6. WA DHIBIRD, MEHHTER - BRI BWT, XEER
ZHWEHIER Y753, ZO0RCBVTHHFRUEE D2 EZ 5,

+(+3) >0 for all w >0 (%)
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A revisit to the shrinkage estimator of normal mean vector restricted to a
polyhedral cone

Yuan-Tsung Chang (ISM) and Shinozaki Nobuo (Keio University)
Grant-in-Aid for Scientific Research (A) 20H00576 Symposium, Sep. 23-24/2024 at Kanazawa

Introduction : Here we focus on the simultaneous estimation of p-dimensions normal means which are restricted
on polyhedral cone. In simultaneous estimation of normal means when there are no restrictions given on the
normal means, Stein (1961) has proposed an estimator called Stein estimator which shrinks the UE to the origin
and dominates the UE under squared error loss when dimensions are greater than or equal to 3. Alternatively,
when there are restrictions given on normal means, does Stein type estimators still improve upon the UE 7 Based
on the above motivations, Chang (1981) first proposed the Stein type estimator when there are linear inequalities
given on the normal means. Sengupta and Sen (1991) extended Changs results to the positive homogenous set.
Fourdrinier, Strawderman and Wells (2018) also discussed the normal mean vector restricted to a polyhedral cone
by applying the lemma of Sengupta and Sen (1991). Amirdjanova and Woodroofe (2004) have also proposed Stein-
type estimators when normal means are restricted to convex polyhedral cones. They showed that shrinking MLE
towards an appropriate target(including the origin and sample mean) can also reduce the mean squared error.
The summary: Here we summarize Chang’s result about the simultaneous estimation of normal means under
linear inequality restrictions. We introduce Sengupta and Sen’s (1991) results about the estimation of normal mean
in positive homogenous set, the results of Fourdrinier et al. (2018) and Amirdjanova and Woodroofe (2004).
(i) Let X ~ N,(0,I), there are restriction 760 > 0, is given on unkonwn 6, where T is known matrix. Chang
(1981) proposed a Stein type estimator when unknown mean vector 8 is restricted 76 > 0 as follows.

Stein type estimator which shrinks X to the origin if 7X >0 :

— a 1 >
50(X) = (1 )X if TX >0

A X'X
0(X), the MLE of 6, otherwise,

where a is constant.
(ii) Sengupta and Sen (1991) have considered a positive orthant model with arbitrary covariance matrix.

Let X ~ Np(0,%) and restriction @ > 0 is given, where ¥ is assumed to be known and positive definite. For
p>1,let N, ={1,...,p}, Ais a subset of N, ordering by natural ordering and B = N, \ A. We denote the
cardinality of A by |A|. For p-dimensional vector X and a subset A C N,,. Let X 4 denote |A|-dimensional vector
consisting of the components whose indices belong to A. Let

Xap(X)=Xa—Sap¥ppXa,

where ¥ 4p denotes |A| X | B| submatrix of 3 consisting of the rows in A and columns in B, respectively, Y pp is
defined similarly. For § C A C N,,, let

X4(2) ={X € RP|IE55 X5 <0, X 4.5(%) > 0}.

Then from Kudo’s (1963) result, the subset X4(X), A € N, are disjoint and (J,cy Xa(X) = RP. For every
A C Ny, if u and v are |A| and p — | 4| vector, respectively, we define

u;, ifieA
Pawoli={ 0 ISR
Then the RMLE of @ is given by
~RMLE
0 = Ypcacn,Pa(Xa.p(X),0)I4(X € Xa(¥)) (2)

where T4(-) is indication function. Sengupta and Sen (1991) have proposed the shrinkage estimator

’

éSRMLE éRMLEHgZ _ (éRMLE) El(gRMLE>'

1 ~RMLE
= E@gAngIA(X S XA(Z)) 1700‘@ 0 ; where
z

(iii) Fourdrinier et al. (2018) consider the @ is restricted to the polyhedral cone, € = {x|y,x > 0,i=1,2,...,m}

- 19 -



for fixed linear independent vectors v, € RP,i = 1,...,m, and assume that ¢ has non-empty interior €.

Some properties about polyhedral cone : P.1) % is positively homogeneous, close and convex. P.2)For each
x € RP, the projection of x onto €, Pgx € ¢, which is a unique point in € such that ||Pgx —x|| = infyce ||y —x||.
P.3)%¢ may be partitioned into €;,i = 0,...,m, that is € = .-, %, €;,.N€; = 0,i # j,i,j = 1,...,m, where
%o = € and €;,i = 1,...,m are relative interior of the proper faces of ¥. P.4)Let D; = chl%ﬁ- , then D;,i =
0,...,m form a partition of RP. P.6)For each * € D; we have Pyax = P,x, where P; is the orthogonal linear
projection onto the s;-dimensional subspace L; spanned by ;. Also, for each @, the orthogonal projection on L,
is equal to Py, where ¢* = {y|w'y < 0} is the polar cone corresponding to ¥. P.6) Additionally, if € D;, then
aPx + Pz € D, for all a > 0, so D; is positively homogenous in P,z for fixed P;-x. Hence, we may express.

d¢ =Y Ip,(X)PX. (3)
i=0
They proposed shrinkage estimator as
m (NP X112)(s: — 2)F
8(X) = 2(1 _ g2 gl 1||P|_))((‘|”; ) )PiXIDi (X) (4)

=0

dominates the rule d4(X) provided 0 < g;(t) < 2,¢:(-) is absolutely continuous and g;(t) > 0, for each i =
0,1,...,m.
(iv) Amirdjanova and Woodroofe (2004) have proposed a shrinkage estimator which shrinks to an appropriate
target when @ is restricted to polyhedral cone, Q = {z|y;z > 0,i =1,2,... ,m} for fixed linear independent vectors
v, € RPji=1,...,m. Thus m < p. Given x, let 8 = 0(x) be the projection of x onto 2.

Let L be the orthogonal complement of span{vi,...,7,,}, and T' = [v1,...,Vl(pxm), let T(T Nt =

(01, 0m](pxm), and let d,,41,...,0, be an orthonormal basis for L. Then &y,...,68, is a basis for RP and
~;8; = 1,if i = j and v;0; = 0, if 7 # j, since T'[81,...,8,,] = In and T [0py1,...,68,] = 0. So if z € RP is
written as z = Y 7_, ¢;0;, then ¢; = '7;,2 forj=1,...,m,and z € Q < c¢1,...,¢m > 0.

Recall that @ = (x) is the projection of & onto €2, and write 6 = Z?:l ¢;0;, where ¢; = é;(x) = 'y;—é >0 for
j=1,....,m.

For subsets a C {1,...,m}. and a® = {1,...,m} \ a and B, = {& € RP|¢; > Oforj € aandé; = Oforj € a‘}.
We list some properties about B, as follows: P.1’) The set B, partition R” and their boundaries are of Lebesque
measure zero (Meyer and Woodroofe(2000). P.2°) If € B,, then 6 is projection on = onto span{d;,j € a U
m+1,...,p} and & — 0 is the projection of  onto span{v,,j € a°}.

Ifa={ki,...,k}, where 0 = kg < k1 < ko < -+ < ky < kpy1 = min{(m + 1), p}, let

Xa:[ékl,...,ékr}(pxr). (5)

Then P, = Xa(X;Xa)_lX; is the projection operator onto span{d;,j € a} and é(a:) = P,x + 1l x, forx € B,,
where I, is the projection of  onto L.

0
The target estimator Let 1 < ¢ < m be a fixed integer and define the target estimator 8 = Z§:£+1 0.
Equivalently, for « € B,, let a = {k1,...,k-} be as (5) and s denote the unique integer for which ks < ¢ < kgy;.

Then ,

-0

0 = Z Ch; Ok, + Z Cr; Ok,

j=s+1 j=m+1
where an empty sum is to be interpreted as zero. Thus since 'y;('ij =0fori€a®and jeaU{m+1,...,p},
0-0"=> 5,6, = Quz and (z —0)'(0-0") =0,

j=1
where M, = { IS 8 } s Qo= XMy (X, X)X, Q2 =Q, and tr(Qq) = s. To be noted that s depends on a
and if £ = m then 8° = I« is the projection of  onto L and for any a C {1,...,m}.

They proposed the shrinkage estimator is

~7~0 9
6=+ 1 (p_ el =01
166"

where D = tr(Q,) and g be an absolutely continuous, non-decreasing function on [0, 00), for which 0 < g < 2.

(é - éo)v
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Brownian Motion, the Fredholm Determinant,
and Time Series Analysis

M A (—HBRPHEER)

0,1] ETERINZT T VEE) (W)} © 2 RE LT 1 ROPEE, 52205 DLLOMKFHED
DA EET 5 HEIZOWT, BUFO (1), (2), (3) D#EZE L.

(1) 7Ly FALAIFHIR (FD) 0 —it 7 i 7
K(s,t) DSRHFR, s, IZIEERE0ORMBOL =, itk

§— /01/01 K (s,1) dW (s) dW (2)

DFHERIEUL, Anderson-Darling (1952) OEHIZ XD

E [exp{i@/l/ol K(s,t)dW (s) dW(t)H

— H (1 2“9>1/2 — (D(2i6)) "

E (eié‘S)

THZ6NB. 2T, D) I K(s,t) ® FD, {\,} & K(s,t) DEAET, EEEDHF IR

FD &, Ak, B AR D W TR

t17t1 K(ty,t2) - - - K(ti,ty,)

)\):1+§:(_112!n / / : : dty ---dt,

tnatl K(tnatQ) oot K(tnvtn)

TERINDD, ZOEHEDPS FD 2ROLDINHETH L DT, EHrpes—RNGEEZRELL. %
nid, EAHRAE RERHD HRAS X OBRRSEMC ﬁ?ﬁ@bflﬁﬁﬁ#&t@‘ﬁhﬁ#b%tﬂﬁ‘%ﬂ?{%
TZBE)

(2) Rk 56 D FD ORRNZEH 1%

Ak Gl
Ki(s,t) = min(s,t)—st— Z V()i (t), ;(0) =1;(1) =0,
Ky(s,t) = 1—max(s,t)— Z V;(s);(t), (1) =0

j=1

DEEIZ, 25D FD Di(\), Dy(N) 2BAHRREHEDTIZ, &0 REIEETE B ROARE K

D7z,

Di()) = f&f IPL(N)],  Da(A) = cos VA P(N)]
22T, P\ & Py(N) Eom ROMFTAIT, SERRBATERINGD, BRMHEEEMES Z2ic
L OBRGIFHTE 25E60% . HlZ1E, Tanaka (1996) IZHWT MA E 7O BAARME Tlib N7z

3
Ki(s,t) = min(s,t)— st — Z ;i (s);(t),

Jj=1

Gi(t) = VEILL - 1), da(t) = VIOR(L— 1), us(t) = VIO — 1)’
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2945 FD X, R ZE > TIROLSITRDZZ N TE3.

720 .
PV = ﬁﬁ@afQm+m—a&mn%%xwﬂm—m$m&)
Di(A) = SH\}[|P1 )|

= 7)\240<(G+)\)—8(3 A) cos VA — VA(24 — )\)bln\f)
Loy

70/\+1260)\

()éiéi&%ﬁ%ﬁ%«@ﬁ%
LEOAEIE, WO K S B EATE S 2 L RS L.

(a) DAEDOHEEEMERT RO N, 72720, RGOS & TOHMGIE, FD oMz, LYy
BT 2R EAREIC R D, BRI,
1
sz/(X@+m@fm,xuyﬁﬂowmﬂﬁﬁ,nmyﬁﬁ%ﬁ
0

ERINDMFHBEDZEITIE, VYNLRY MIBHET 25 ENBREL 5.

(b) REEZEME TV & fli572/¥F A — XD constancy (ZBIT 2 LBI BUEHaHE D Im Mk & ORFH L5
DHETORM. FIZIE

£; o2 0 .
yi =B +ej B =Bi—1+n;, )~ NID{ 0, {7 2 (G=1,...,n)
Ul g

n

IBWT, By BRAEBDES, RFFXSARG Hy - p = 0} /o2 = ¢/n (n BEEAY A X, ¢ FIEE
ﬁ)@%tf LBI #idt &I

(s,t) + cK® s @) (s,t) = 1 s,u)K (u,t) du
S— /ﬁ/ £) + KO (s, 0)] dW(s) dW (1), K@ (s,1) AJﬁ,)K(JW

ERTILNTES.

(c) MA ETNVIZE T 2 HAR LBIU MUEMGH RO DM, IS DO & & TofiztEiE, ki (b) &
FRDRELL 725, BIZIE, yj=p+e;—agj_1 ITHBITF2D a OREMEMED LBIU #iat &%, Hir
WYVARE o =1—c¢/n DB T, LEil (b) DiFIE S T K(s,t) = min(s,t) — st — 3st(1 —s)(1 —¢)
s,

(d) AR ETIVIZHBIT 5 BAMREREH RO M. Buh 2 |HEE 815D < BARMUEREH 2 O RPN 2K
DH & TD4AAIE, Ornstein-Uhlenbeck 15*1’2/‘\{?1:[:0)%/0)%’21%8 5. Bz, yJ = pyj,l +e; D

p DBABEIZHWT, ﬁiﬁﬁﬂip—l—dn@%kf@ﬁﬁ%if}’ /%Y%ﬂﬁ
KIGRS 5. 22T, dY(t) = —cY(t)dt +dW(t) THB. c=0 DEH #%ﬁﬁﬁf Y(t) 177
Wy@ﬁt&a

() MBI % T HATALBRE O S — > 2 ¥

t
/‘ j - awis
EXLT, HiEk

_ [ emae [ _ M owt-w)
Sg_/o Fg(t)dt—/O /0 Ky(s,t)dW (s)dW(t), Kg(s7t)—[11ax(s,t) 02 du

DR L 7z
(£) 752> aFn - 759 U HEHO 2 WIBO ST I AMRIEETSH 55, % O3 EEH L7
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—ICHEDEATINDER D X D 7 — 513 BEIE R Scatter Matrix, Shape Matrix & FEXAL
%. HpEEEOHEE X, BICABH OBMRICEE S 250h 215 2 721 T <, ERT AR T
Wile Ehk &2 77 — RN FIEE WA 22 T, XDl T —XORRER 2 Z 2ot w
SBEPLBEETHD.

p XTTRHEM DM F 2#E 2%, BfiO7DIC E)x] =0 & L, #5807 L = E[xx '] € S} 28
FETZL T35 (22T, x~F). ZLTC, 7 F oD% A4 X n D iid 7l xq,...,x,
WOWTEZS. COLE, X OHER Y L TIEALSHITY (SCM) S = 137" xx] € ST
BELHVWSLNS, F, HpEEOHERL LTI Y IUZSCM DR A 7 —ER LAV
N5, TIT S & px pFEEENIMTIRAEORTERETHD, ST 13 p x p EEMBENFIT
RO TERETHD T 5. £z, () TR ML OEEEZERT.

L L5, SCM IFAIUEDEE R ZITRTWI B SN TED, L > THIEDIER
ALTWARNDD 2 F— IR L THWS Z i3RI TR 2. £, F—XDXRTTH
EWEGE, SCM OHEEREIXIRS RV e dHILNTVWS [1]. BIZ, T—ROXTHEL KD
FEANEORHIE— R ICE#E L < &3 [2).

HHTIE, FRl oI LT 2 5 R L. RS, Te[V] = p 2z 3 H08E V €
St (ie. HOHUTHI S BEET 2L &V = (p/Tr[X]) - & &3 V) ZANEDEAH LT
TN MIHEE T 2 FHEICOWT, FTRRENRBIEFELZHAL, RICBEFEFEL S <V
HPRVIR AR L7z, 2 LT, 2RI T 27D DFEEZRE L. 22T, FEOER
AR DOVWTTI[A] TAD L —RERLTWS. 28, #li Tr[V] = p 0Bk % %5
T27DICEHVLNLEED 1 DTHS.
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Applying Non-negative Matrix Factorization with Covariates

to the Longitudinal Data as Growth Curve Model !

Kenichi SATOH

Faculty of Data Science, Shiga Univ.
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'https://arxiv.org/abs/2403.05359

Kenichi SATOH (Faculty of Data Science, Shiga Univ.)

Non-negative Matrix Factorization

On the other hand, Non-negative Matrix Factorization (NMF) can be also applied.

@ For non-negative observation matrix Y, we approximate it by the product of the
basis matrix X and the coefficient matrix B, both having non-negative elements
(see, Lee and Seung (1999, 2000)):

Y =~ X B .
PxN PxQ QxN
where the number of bases Q satisfies Q < min(P, N) and it is also referred to as
“rank”.
@ Unlike MLM, only Y is given to the NMF, which optimizes not only B but also X.

@ To make the decomposition unique, the column sum of X is 1.

Kenichi SATOH (Faculty of Data Science, Shiga Univ.) NMF as GCM

Daily temperature in Canada

@ Using the Canadian
weather dataset in the
fda package, we present

Resolute's

Inuvik -

our method.
on lqaluit « .
Vel lown fe « alui @ These are the daily
shorse - - temperatures at 35
Uranium City Churchill s N N )
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Kenichi SATOH (Faculty of Data Science, Shiga Univ.) NMF as GCM

R package: nmfkc

We have developed and published R package: nmfkc (NMFE with Kernel Covariate) on
GitHub?. In MLM, Q = 5 was assumed for the fourth degree polynomial, whereas in
NMF Q = 2. Then, R? was 0.985 which is still high.

library (fda)
data(CanadianWeather)

d <— CanadianWeather$dailyAv [, k1]
Y <— d—min(d)

library (nmfkc)

result <— nmfkc(Y,Q=2)
result$r.squared

1] 0.9853615

>

—V VvV VVVYV

*https://github.com/ksatohds/nmfkc

Kenichi SATOH (Faculty of Data Science, Shiga Univ.)

NMF as GCM

Approximation by NMF

@ Fitted values by NMF
with Q =2 are
illustrated.

@ Note that @ = 2 is the
same as the number of
bases in a simple linear
regression, but makes the
fit good.
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Basis vectors

8 = basis 1 @ Two basis vectors in
> 7] @ basis 2
b X = (x1,%) are
= illustrated.
Eg
© @ Basis 1 represents the
3 | temperature variation in
< the Northern area, with
g | lower temperatures in
< winter and higher
s | temperatures in summer.
=) . .
@ Basis 2, conversely, is
g | shaped to push up winter
= T T T T
0 100 200 20 temperatures.

Kenichi SATOH (Faculty of Data Science, Shiga Univ.) NMF as GCM
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Non-negative coefficients at Pr. Rupert

@ Temperature at Pr. Rupert can be approximated by two coefficients and bases,

a0 & 3826
Px1

x; +11429 x, .

Px1 Px1

@ The contribution of basis 2 is much larger than that of basis 1.

@ The two coefficients are non-negative and can be interpreted as probabilities, i.e.,
the contribution of basis 1 is 3826/(3826 + 11429) = 0.251 and that of basis 2 is
11429/(3826 + 11429) = 0.749.

@ The sum of the observations can be approximated by the sum of the coefficients,
i.e., 15258 ~ 3826 + 11429 = 15254.

Kenichi SATOH (Faculty

NMF with covariates

Next, we explain the coefficient matrix B using covariates. In other words, we use the
known covariate matrix A = (ay, ..., ay) and the unknown parameter matrix ©, both
having nonnegative elements, to write

of Data Science, Shiga Univ.) NMF as GCM

B =0 A.
QxN QxR RxN

Thus,

Y =~
PxN P

=X 0 A.
PxQ @xR RxN

X B
xQ QxN

This approximation model, expressed as the product of three matrices, is included in the
tri-NMF, proposed by Ding et al. (2006). Note that in tri-NMF, the three matrices are
generally unknown; however, the covariate matrix in this study is known. Next, we show
how to optimize the basis matrix X and the parameter matrix ©.

Soft-clustering using coefficients

B bsis |
B bisis 2

@ The probabilities obtained from the
coefficients are shown on the map.

@ The probability of basis 1 is higher north of
the interior, and the probability of basis 2

> increases southward.

@ The probability of basis 2 tends to be
higher on the west coast than on the east
coast, even in the same southern area.

@ These trends suggest that the coefficient
can be explained by longitude and latitude.

Kenichi SATOH (Faculty NMF as GCM

Comparison with the Growth Curve Model

A comparison of NMF with the covariates and GCM is summarized in the table. The X
optimized by NMF can be used in GCM as known design matrix.

of Data Science, Shiga (

NMF with covariates GCM
Model Y ~ XOA E(Y) = XOA
Y non-negative values continuous values
X unknown, optimized, restricted known
€] unknown, optimized unknown, estimated
A known known, R < N

Ut

NMF as GCM

Kenichi SATOH (Faculty of Data Science, Shiga Univ.)

NMF as GCM

Kenichi SATOH (Faculty of Data Science, Shiga Univ.)



Objective function Update formula

Y = XOA

Y)(Y

We measure the discrepancy between Y and Y
distance, or the squared Frobenius norm tr(Y
minimization with an [? regularization term:

the squared Euclidean
¥), and consider the

Deu(Y,Y) =tr(Y — YY(Y = V) + ytr©'©,

where 7 is a non-negative penalty parameter, and ©' denotes the transposed matrix of
O.

Kenichi SATOH (Fa«

culty of Data Science, Shiga Univ.) NMF as

NMF with direct covariates

GCM

> u <— CanadianWeather$coordinates[,2:1]
> u[,1] << —u[,1]; r < apply(u,2, range)
> U <— t(scale(u,center=r[1,],scale=r[2,]—r[1,]))
> A <— rbind(rep(1,ncol(Y)), U)
> A[,c(1:2,35)]
St. Johns Halifax Resolute
(Intercept) 1.000000 1.00000000 1.0000000
LON 1.000000 0.87410735 0.5149735
LAT 0.152208 0.05981835 1.0000000

> nmfkc(Y,A,Q=2)$r.squared
[1] 0.7151039

The approximation is much worse than in cases without covariates.

Kenichi SATOH (Faculty of Data Science,

Shiga Univ.) NMF as GCM

The update formula for the basis matrix X remains the same as that without using
covariates, which was presented by Lee and Seung (1999),

X« X6 (YB 2 YB)

where ® and @ correspond to the element-wise multiplication and division of matrices,
respectively. Then, standardise X so that each column sum is 1. The update formulas
for the parameter matrix © in tri-NMF were presented by Ding et al. (2006).

0« 00 {(X'YA) 2 (X'YA ++0)}

Kenichi SATOH (Faculty of Data Science, Shiga Univ.) NMF as

Improve approximation using a Gaussian kernel function

By using individual data, uy, ...,

GCM

uy, we defined a Gaussian kernel for u

K(up, u) = exp(—pB|u, — ul?), n=1,...,N,

where 3 > 0 and Satoh (2023) prposed the NMF using the kernel covaritaes,

K(ul,ul) K(Ul,UN)

~ X © A where A=
PxQ QxN NxN

Y (ar,...,an) : :
K(uy, uy) K(uy, uy)

Additionally, Chen et al. (2022) conducted a study using a general kernel-based method
for transformed observation ¢(y) in NMF without covariates.

NMF as GCM

Cross-validation for optimization of 3

The function nmfkc.cv can be used for cross-validation.
> betas <— 50:70/10

> objfuncs <— Oxbetas

> for(i in 1l:length(betas)){

+ A <— nmfkc. kernel (U, beta=betas[i])

+ result <— nmfkc.cv(Y,A,Q=2,div=10)

+ objfuncs[i] <— result$objfunc}

> (best.beta <— betas[which.min(objfuncs)])
[1] 6.1

The optimized 3 is 6.1.

Kenichi SATOH (Faculty of Data S

Shiga Univ.) NMF as GCM

e, Shiga Univ.)

Using Gaussian kernel function with optimized S

We applied NMF with kernel covariates using J = 6.1.

> A <— nmfkc. kernel (U, beta=6.1)
> result <— nmfkc(Y,A,Q=2)

> result$r.squared

[1] 0.9340371

0.715 (direct covariates) < 0.934 (kernel covariates) < 0.985 (without covariates)
Using kernel covariates greatly improved the approximation accuracy over using direct
covariates, and was no worse than the case without covariates.

Kenichi SATOH (Faculty of Data Scienc NMF as GCM

Prediction of coefficinets on new covariates

The covariate matrix A was created from new covariates V =
covariates U = (uy, ..., uy), and it is given by

K(u, v1)

on existing

K(ur, vm)
NxM

K(u,;,, vi) K(u,\;, Vi)

Using the covariate, the coefficients at any given location and those probability for each
basis can be obtained.

> v <—
>V <—

seq(from=0,to=1,length=20
t(cbind(expand.grid(v,v))
> A <— nmfkc. kernel (U,V, beta=6.1
> B <— result$C %% A

> B.prob <— prop.table(B,2)

)
)
)

ichi SATOH (Faculty of Data Sc NMF as GCM

Kenichi SATOH (Faculty of Data Science, Shiga Univ.) NMF as GCM

Shiga Univ.)

Soft-clustering on any location

@ The probabilities of basis 2 for any
locations were obtained.

Inuvik

@ The probability increases
southward and it tends to be
higher on the west coast than on
the east coast.

o Daily temperature at given
location can be also predicted. As
a result, the daily geographic
distribution is obtained?.

*https://x.gd/KUBhB

ichi SATOH (Faculty of Data Sc NMF as GCM

@ NMF with covariates was applied to the longitudinal measurement as GCM

@ NMF with covariates is a less accurate approximation than NMF without
covariates, but the accuracy can be improved by using Gaussian kernel functions.

@ We have developed an R package: nmfkc (NMF with Kernel Covariates).

@ NMF with covariates is applicable to various types of data 3 including images *.

Thank you for your attention

6 - Shttps://x.gd/wMkYZ

“https://x.gd/1IfEX

Kenichi SATOH (Faculty of Data Science, NMF as GCM

Shiga Univ.)
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