RECURSIVELY RENEWABLE WORDS AND CODING OF
IRRATIONAL ROTATIONS

SHIGEKI AKIYAMA AND MASAYUKI SHIRASAKA

ABSTRACT. A word generated by coding of irrational rotation with respect to
a general decomposition of the unit interval is shown to have an inverse limit
structure directed by substitutions. We also characterize primitive substitutive
rotation words, as those having quadratic parameters.

1. DEFINITIONS AND THE RESULTS

Let A={0,1,...,m— 1} be a finite set of letters and .4* be the monoid over A
generated by concatenation, having the identity element A, the empty word. The
set of right infinite words over A is denoted by A,

A sturmian word z is an element of AN characterized by the property that
p.(n) = n+ 1, where p,(n) is the number of factors (i.e. subwords) of length n
appears in z. The function p.(n) is called the complexity of z. Since p.(1) = 2, we
have A = {0,1}. The sturmian word is known to have the lowest complexity among
aperiodic words. The aperiodicity implies that exactly one of {00,11} appears in
z. Let us assume that 11 is forbidden in z. Then the sturmian word z = zpz1--- €
{0,1} with zp = 0 allows a decomposition into a word over B = {0,01}. An
important fact is that this new word over B is again a sturmian word. This property
is effectively used to recode sturmian words by the continued fraction algorithm (see
Chap. 6 in [18]). We wish to generalize this combinatorial property.

Let us come back to a general A= {0,1,...,m —1}. An element z = zpz; --- €
AN is k-renewable if there is a finite set B C A* with #B < k and B ¢ A such
that z is decomposed into an infinite word over B. For a given k, if the element
z € AY allows infinitely many times this decomposition into k-blocks, then z is
called recursively k-renewable. To be more precise, z = zgz1 ... is recursively k-
renewable when there is a sequence of finite sets B; (i = 0,1,...) with #B; < k,
Bit1 CB:, Biwy & Bi, By = A and 2) = 292V ... ¢ BV is k-renewable by Biy;
and decomposed into z(+1) = zé”l)z%“l) .-+ € B}, and the length of each zj(i+1)
as a word in A* diverges! as i — co. Here we put zi(o) =z fori=0,1,.... We
also say that z € AN is recursively renewable if it is recursively k-renewable with
some k.
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Example 1. A purely periodic word vvv ... with v € A* is recursively 1-renewable
by taking B; = {v¥'}. An eventually periodic word wvvv... with u,v € A* is

recursively 2-renewable by B; = {uvT—l,vzi}.

Example 2. The sturmian word is recursively 2-renewable.

Let C be a non empty finite set. A morphism o is a monoid homomorphism from
A* to C* that o(a) # A for each a € A. Then o naturally extends to a map from
AY to CN. A morphism o is called letter to letter, if o(a) € C for each a € A. A
substitution is a morphism from A* to itself.

Example 3. Let o be a morphism from A* to C*. The image by o of a recursively
k-renewable word in AN is recursively k-renewable in CV.

Example 4. Let o be a substitution on A*. If 0(0) = Ow with w # A, then there
is a unique fix point z of o in AN which begins with the letter 0. The word z is
successively approzimated by o™(0) (n = 1,2,...) and we write z = lim, ¢"(0).
The fix point z is recursively m-renewable by B; = {o%(0),...,0(m —1)}.

In other words, z is recursively k-renewable if there is a sequence {¢; }i=1,2,... of
substitutions on {0,1,...,k — 1} that

#1 P2 ¢3 P4
Z & 29— Zg¢— 24— ...
with z; € {0,1,...,k — 1} and the length of ¢1¢o ... #;(a) diverges for each letter
a as i — 0o, i.e., z lies in pﬂ(ﬁ{o, 1,...,k— 1}, the inverse limit directed by {¢;}.
We recall the definition of general rotation words. Take & € [0,1) \ Q and
w € [0,1). Start with a decomposition of the unit interval

k—1
(1) 1=100,1) = |Jwi,wi+1)

i=0
with 0 = wg <wy < -+ < wg—1 <wg =1 and put I; = [wy,w;+1). We identify [0,1)
with the torus T = R/Z and define J : T — {0,1,...,k—1} by x € ;) forz € T.
Then the general rotation word of an angle £ and an initial value p with respect to
k-block decomposition (1) is defined by

J(p)J(u+ ) J(u+28)---€{0,1,...,k— 1}

The classical rotation word comes from the decomposition [0,1) =[0,1 — &) U[1 —
&, 1). It is well known (c.f [30], [10], [28], [18]) that the set of all classical rotation
word coincides with that of all sturmian words.? For classification of words of
complexity 2n, Rote [33] used the generalized rotation word with respect to 2-
blocks and also gave a combinatorial characterization of the words with respect to
[0,1/2)U[1/2,1). Further connection between general rotation words and sturmian
words had been studied. Didier [12] characterized the general rotation words in
terms of sturmian words and cellular automata. Berstel and Vuillon [3] showed a
way to recode generalized rotation words with respect to k-blocks into k-tuples of
sturmian words.
In this paper, we first prove the following theorem.

2Precisely, we need to consider another decomposition (0,1] = (0,1 — ¢ U (1 —£,1] in order to
show the equivalence to sturmian words.
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Theorem 1. A general rotation word of an angle £ and an initial value p with
respect to k-block decomposition (1) is recursively (k + 1)-renewable.

There are recursively renewable words which can not be a general rotation word.
For examples, take a fix point z of the substitution

7(0) = 001, 7(1) = 111

introduced by Rote [33] as a concrete word with p,(n) = 2n. Example 4 says
that z is recursively 2-renewable but z contains factors 1™ for all n > 1, which is
impossible for a general rotation word. Another example is the fix point g of the
Rauzy substitution:

c(0)=01, o(1)=02, o(2)=0,

having its complexity py(n) = 2n + 1. Then g is recursively 3-renewable but
not a general rotation word. Indeed, g has arbitrary large special factors w that
w0, wl, w2 are also the factors of g, but general rotation words can not have this
property. The maximal pattern complexity also tells apart that g can not be a gen-
eral rotation word (c.f. [23]). It is known that g is a coding of 6-interval exchange
of T and moreover a natural coding of a rotation on T? (c.f [2], [32]). It remains
a problem to characterize generalized rotation words among recursively renewable
words. In addition, authors got to know a relevant result [29] with Theorem 1 after
submission of this paper.

An element z € AV is primitive substitutive if it is an image of a morphism
of a fixed point of a primitive substitution.®> Among recursively renewable words
viewed as elements of the inverse limit, primitive substitutive words correspond to
eventually periodic sequences {¢; },=1 2, .. of substitutions. Durand [14] and Holton-
Zamboni [19] independently? gave a combinatorial characterization of primitive
substitutive words using return words. With the help of their result and the idea of
the proof of Theorem 1, we can characterize primitive substitutive rotation words;

Theorem 2. A general rotation word of an angle & and an initial value p with
respect to the decomposition (1) is primitive substitutive if and only if £ is quadratic
irrational, pu € Q(§) and w; € Q(§) for all i.

Note that the last condition ‘i € Q(€) and w; € Q(&) for all 4’ is equivalent to
‘w; — € Q&) for all i

Theorem 2 generalizes Theorem 7.8 of [1], the same result for [0,w1) U [wy,1)
under a condition wy € Z+E£Z, and Proposition 2.11 of [7] which treated all sturmian
case, i.e., [0,1—&) U[l —¢& 1). Theorem 2 may also be expected from number of
quadratic type results on characterization of sturmian words fixed by substitutions
(c.f. [11], [26], [22], [37] and [31]). The proof of Theorem 2 seems more number
theoretical than those in [1] and [7], and §6 - §10 are devoted to it. A basic
idea is to show directly that return words with respect to a long prefix give a
coding of a certain three interval exchange. Ostrowski’s numeration system in §9
is unconventionally used to control induced discontinuities and to deduce unique
ergodicity of three interval exchanges in §10.

31t is equivalent to being an image of a letter to letter morphism of a fixed point of a primitive
substitution. See Proposition 3.1 in [14].
4From p.13 and p.34 of [13].
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The authors wish to thank P. Arnoux, V. Berthé, J. Cassaigne, S. Ferenczi,
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2. NEGATIVE CONTINUED FRACTION AND INDUCED ROTATIONS

Let |z] be the maximum integer not greater than z, and [z] = —|—z], i.e.,
the minimum integer not less than x. Define a map S : (0,1) — (0,1) by S(z) =
[1/2] —1/x and set a,, = [1/S" ()] and =z, = S™(x) for x € (0,1) \ Q. Then we
have

(2) T =

ay —

ag —
az— 1

Qp — Tp

with a,, > 2 and also an infinite continued fraction:

(3) x =

ayp —

Both of them are called the negative continued fraction of x. There are infinitely
many n’s such that a,, > 2 in the infinite continued fraction. Let {g = 1 and & = &.
We define &1 € [0,&,) inductively by:

gn—‘rl = anén — &n—1

with a positive integer a,,. The choice of a,, is unique since &,,11 € [0,§,,) and £ € Q
implies &, # 0. We can easily show

(4) §=

a] —

4 —
2 1

a gn-&-l
" —
&n

and a, > 2. The expansion (2) of ¢ clearly coincides with this expansion with
Ty = S"(€) = &nt1/&n. Define integer sequences by

Pn+l = apnP, — Py
(5) Qny1 = anQn —Qn1
for n > 1 with initial values (Py, P1,Qo, Q1) = (—1,0,0,1). A useful matrix repre-

sentation:
_Pn Pn+1 o 0 1 0 1 0 1
_Qn Qn+1 - —1 aiy —1 ag e —1 (07%%

asz — -+ —
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allows us to show
Pn+1 - ann

6 = _nrt "non

( ) Qn+1 — Qnp

with P, 11Qn — Qny1 P, = 1. It is easily shown by induction that

(7) Qn ZPn, Qn_Qn—l an_Pn—l

for n > 1 and &, = @ ¢ (mod Z). @, is uniquely determined by this congruence.
By using (6) and (7), we have

Pn _ gn/fn—l < 1

Qn Qn(Qn - (gn/gnfl)anl) Qn(Qn - anl)

which gives an equality &, = @Q,& — P, and also guarantees the convergence of (3).
An interval exchange transform

x—x+E ifxel0,1-¢)
z—z+&—1 ifzxell-¢1)

(8) 0<&~—

9)

gives the rotation  — x+¢ on the torus. The induced dynamics on [0,&;) ~ R/&Z
is given by the first return map

{:c»—>:z:+§2 if x €]0,& — &)

z—x+&—§& ifrelf —£&,&)

In the similar manner, we have successive induced systems acting on [0, &, ):

® . l"—>$+€n+1 ifx€[0,§n—§n+1)
n+l - $'—>x+£n+17§n ifxe[gn*£n+17£n)

with n = 0,1,... which give rotations of the smaller tori [0,&,) ~ R/&,Z of an
angle &,+1 with an initial value 0. The first return is described as:

) O () if x €[0,& — &nt1)
(b”H’l( ) - a, —1 .
P Hw) iz € [§n — &ty n)
which gives a dynamical interpretation of the negative continued fraction. One may
confirm the orbit of 0 by:

®,11(0) = (I)n(q)%’ﬁl(o)) =0 ((an — 1)&n) = (an — 1)&n + & — &n1 = &na
and the structure of successive induced systems reveals a dynamical meaning of the
number Q,11, that is, the smallest positive integer M such that M¢ (mod Z) falls
into [0,&,).

There is a simple way to convert the regular continued fraction

I:b1+
by +

bs+
into (3) and vice versa (c.f. Prop 1 in [27]). This is given by a rewriting rule of
infinite words which transforms b1b, ... into ajas ... from left to right:
b1 — b1 + 1
sz — b2 —1

bojr1 — bajy1 +2
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k

. /_/H . . .
where 7 > 1, 28 =2...2 and 2° indicates the empty word A. The converse rule is
clearly:

ai — a1 —1
2k —k+1
an >3 —a,—2

for n > 2. Especially, in view of the Lagrange theorem on regular continued frac-
tions, the negative continued fraction expansion of z is eventually periodic if and
only if x is real quadratic irrational.

The transformation S has an infinite invariant measure dz/(1 — ) on [0, 1] and
consequently Diophantine approximation by negative continued fraction is slow,
which is also apparent from (8). However it matches better the induced system and
the first return map than the regular continued fraction algorithm.

3. THE CASE =0

We first prove Theorem 1 for g = 0. In this case the proof follows naturally
by successive recoding the orbit m¢ € T (m = 0,1,...) into the induced rotation
x — x + &,41 acting on [0,£,). The clue of the proof is the fact that the number
of necessary decomposition of intervals [0, ,,) does not increase for n > 1.

Set By = A, Jo = J and we recall that the rotation ®5 : . — z + & on [0,&) is
an induced system of the rotation ®; : z — x + & on [0,1) by:

o () if z €[0,& — &)
Py(z) = {(I)zlzl—l(x) if € (61— &,6)

Therefore we define the recoding map Jp : [0,£1) — A* by

J (I) _ Jo(x)J0($+£1)...J0(l'+(a1 —1)51) ifx e [0,51 —62)
' Jo(@)Jo(z +&1) ... Jo(z + (a1 —2)&1) iz €[& —&2,6)

and put By = J1([0,&1)). We have By ¢ By, since J1(0) is of length a; > 1 as a word
over By. The function J; naturally extends to J; : R/§1Z — By by periodicity. As
the map Jy is discontinuous® at the set {w; | i = 1,..., k}, the set of discontinuity

of Jy is given as a set {wj(-l) | j=0,1,...,k + 1} with

(1)

0=wl® <w® < wi® (1) 0 M g

< Wy <~-~<<,uk1_1 <wk1 <wk1+1 =

and each w§1) (i =1,...,k) has a form w, — N,& (u=1,2,...,k) where N, is
the non negative integer that w, — N, & € [0,&1). From the definition of the first
return map, this IV, is a unique non negative integer less than a; that w — N,&
(mod 1) falls into [0,&;), that is, N, = |wy /&1 < a1. Note that there exists j such
that wi" = & — &. Indeed wy, — (a1 — 1)&1 = & — (a1&1 — 1) = & — &. Thus we
have k; < k and the map J; has at most k; + 1 images, i.e., #B; < k; + 1.

(m
i Y
[w;l) , w§21) since the name J; (y) does not depend on the choice of y. Then recalling

According to the usual convention, interval [w ) is called I, for y €

5This just means that its output word changes.
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that @5 : x — x4+ & on [0,£) is an induced system of the rotation @1 : x — z +&;
on [0,1). The original rotation word

Jo(0)Jo(&1) Jo(2&1) - - -

is decomposed into

Jo(0)Jo(&1) - Jo((ar — 1)&1)Jo(&2) Jo (&2 + &) -+ = J1(0)J1(&2) J1(282) -+ € By .
We proceed in the similar manner. Assume n > 2 and we already defined J,_1,
B,,—1 and the decomposition of [0,&,—1) into

0=w" ™ <oV <wf <<l T <l <wpl T =6

with k,_1 < k,_o. Further we may assume that there is a j such that wg.”’l) =

&n—1 — &,. Since the rotation x — x 4 &,41 on [0,&,) is the induced system of the
rotation & — x + &, on [0,§,_1) through:

o (2) if 2 €06 —&nt1)
P, =
+1($) {@%’nl(x) ifx € [gn - €n+17§n)7
we define the recoding map J, : [0,&,) — B_; by
(10)
Jn—l(z x+§n)---Jn—l(z+(anfl)€n> if x € [Oagnfgn—&-l)
Jnfl(x x"’fn)Jnfl(x—’— (an _2)£n) if x € [gn _fnJrlagn)

and put B, = J,([0,&,)). It follows B, ¢ B,—1 from a, > 2. Extend J, to
a function from R/&,Z to B, by periodicity. Now J,,_1 has k,_1 + 1 points of

In(z) =

discontinuity {w§"71) | 5 =1,...,ky_1 + 1}. The discontinuity of .J,, arises from
these k,,—1 + 1 points together with &, — &,+1 and the end point &,. The number
of point of discontinuity of .J,, might increase to k,,_1 + 3 but it turns out that one
can save 2 points. In fact such points are written down in a way:

0= w(()") < wgn) < wén) << w,(c:A < w,(cn)

(n)

< w,(c:)ﬂ =&,

n

(n—1)

where each w; (i =1,...,k,) has a form wy, — N, (w=1,2,...  koq +
1) and N, is the non negative integer that w Y N.&, € [0,&,), ie., N, =

wa,"‘”/gnj < ap. Firstly there is an index s such that wgn) = &, — &ny1 since

€n—Ens1 = En1— (an— Dén = 0" — (an —2)€n. Secondly wi™ V) = ¢,_1 ¢,
n—1
A
coincidences show that k,, < k,,_1 and #8,, < k,, + 1.

Set Iy, () = [w](n),wﬁ)l) for y € [w§"),wj(»i)1) since the name J,(y) does not
depend on the choice of y. As @11 : & +— 2+ &ppq on [0,&,) is an induced system

of @, :x—x+&, on [0,&,-1). The word
Jnfl(O)Jnfl(gn)Jnfl(2£n) e

and w = £,-1 gives the same discontinuous point wﬁ”) of J,. These two

is decomposed into

Jn—l(O)Jn—l(gn) s Jn—l((an - 1)£n)Jn—1<fn+1)Jn—1(§n+l + fn) v
= Ju(0)Ju(éns1) Jn(26011) - € By

The case ;= 0 is completed. (]
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For the later use, we study in detail the map J,, and the set B,,. Let us introduce
an order <jey in A* for two elements u = uq...us and v = vy ...v¢. If v is a proper
prefix u then u <jex v. When v is not a proper prefix of u and u is not a proper
prefix of v, then take the first ¢ such that uw; # v; whenever v # v. In this case if
u; < v; (resp. w; > v;), then we say u <jex v (resp. v <jex ). The order <jex is
just a lexicographical order for words of the same length. The symbol |u| stands
for the length of the word u and u <jex v means u <jex v or u = v. Then we can
show a

Proposition 1. The map J, : [0,§,) — B, preserves the order, i.e., J,(x) <jex
In(y) for 0 < z <y < &, and consequently Jn(wgn)) <lex Jn(wfi)l) Especially
#B, = kn+ 1. Ezactly two different lengths Q41 and Qi1 — Qn appear in B, for

n>1 and Qpi1 = |Jn(0)] where Q. is defined by (5).
Hereafter we classify words in B,, into long words and short words by their lengths.

Proof. By induction, we prove that |J,(z)| decreases only once at = &, — &u11.
This is obvious for n = 1. By the definition (10), |J,(z)| decreases when either
x =&, —&pt10r 4 j&, =&—1— &, for x €[0,&,) and j =0,...,a, — 1. One can
confirm that the later case happens only when j = a,—2 and x = £, —&,41. In other
words, it turns out that discontinuities of |J,| and |J,,_1| appear at the same point
x =&, — &uq1. Thus, only two different lengths appear in B,,. By the construction
of the induced rotation, |J,(0)|-times iteration of ®; gives the first return map
®,, :[0,&,) — [0,&,) through 2 — x + &,41. This implies |J,(0)| = Qn41. In (10)
for x € [0,&, —&nt1), T+ & € 0,€—1 — &) happens only when j = a,, — 1. Thus
the length of the short word of B,,_1 is Qni1 — (an — 1)Qpn = Qn — Qr_1.5 Now it
is easy to show by induction that J,(z) <jex Jn(y) for 0 <z <y <&,. O

Before closing this section, we mention two extremal cases. As a general rotation
word with an initial value 0 with respect to the k-block decomposition is recursively
(k + 1)-renewable, there seems no chance to get recursively 2-renewable aperiodic
words. However having a closer look to the proof, if we start with the decomposition:

[071):[071_§)U[1_€’1)

then 1 =k —1=Fk; = ky = ... and successive decompositions are

[0,&1) = [Oafn - §n+1) U [gn - £n+17£n) n=12...

and it is recursively 2-renewable. This is nothing but the sturmian words.
Next we consider a general rotation word with an initial value 0 with respect to
the k-block decomposition (1) with an additional condition:

w77wj:A£+B(A,B€Z):>ZZJ,A:B:O

(This condition is fulfilled when w; € Q.) In this case, two w§"_1),w§7L_1) (i #7)

produce different w&n) ’s. In other words, k,, does not decrease each step and

k = ki = ko = .... In this case, we expect that the general rotation word is
recursively (k4 1)-renewable but not recursively k-renewable.

More detailed study on induced discontinuities is given in §9: with the help
of Ostrowski’s numeration system, we will be able to tell which discontinuities
disappear by coincidence.

60ne can also show this by induction.
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4. THE GENERAL CASE: i # 0

If p = w; for some i, the problem is transferred into a generalized rotation word
of an angle £ and an initial value 0 with respect to the decomposition

k—1
(11) T = Jlwi — mwitr —p)-
=0

Therefore the proof is exactly the same as that of the previous section.

For a general p, we first note that it is easy to show that the word is recursively
(k + 2)-renewable by the same technique. The problem is transferred into a gen-
eralized rotation word of an angle £ and an initial value 0 but the decomposition
(11) needs to be subdivided at the origin and produces the decomposition of T into
k + 1 subintervals. Two generated subdivided intervals at the origin correspond to
a same letter. However, assigning different two letters to these subdivided inter-
vals, this general rotation word with respect to the (k + 1)-block decomposition is
recursively (k + 2)-renewable by Theorem 1. Therefore the general rotation word
is recursively (k + 2)-renewable, since it is an image of the (k + 2)-renewable word
by a morphism which send the above two letters into one and the others to them-
selves (see Example 3). To show (k+ 1)-renewability, we should choose subintervals
cleverly to have one less subdivisions.

Take a general rotation word z of an angle £ = £; and an initial value p with
respect to (1). Reviewing the proof for = 0, if p € [0,&1) then the orbit u+i&; (i =
0,1,...) is recoded by the function J; and the word z is (k+1)-renewable as a word
over B;. Joining the above cases u = w;, if p € Uf;ol [wi,w; + &) then z is (k + 1)-
renewable. However the set Uf;ol [wi,w; + &1) may not exhaust T. We construct a
covering of T by such induced systems. It is sufficient to cover [w;,w;t1). Assume
that w; 11 —w; > & since otherwise we have nothing to do. Put ¢ = |(w;+1—w;)/&1].
Then for intervals [w; + (§ — 1)&1,w; + j&1) for j =1,...,q, the induced rotation is
written as an interval exchange:

Tz + &2 if z € wi + (j — 1)&1,wi + j&1 — &2)
rr+&—§& i r € wi+j — So,wi + j61)

For simplicity, take ¢ = 0 and consider the interval [0,w;) with ¢ = |w1/£]. Then
the function Jj is defined in the similar manner as Jy:

T (&) = Jo(@)Jo(z + &) ... Jo(z+ (a1 — 1)&)  ifze|(j—1)&,58 — &)
1 Jo(z)Jo(x + &1) ... Jo(x + (a1 — 2)&)  if x € [j& — &2, 7&1) .

The set of discontinuity of J{ is just a shifted set of those of J:
(W + (- Ju=1,....k +1}

and we have

j-1 j-1
— —~
(12) 00...0J(z) = Ji(x — (j — 1)&,)00...0.
This means that if z € [(j — 1)&1,7&1) then z is (k1 + 1)-renewable (k; < k) over
Jj—1 j—1

——— —
the words 072071 ...071 B, 00...0 where the symbol 0~! indicates the removal of
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0 from the prefix. Now we have shown that if p lies in

k—1 [(wit1—w;i) /€]

U U i+ -D&,wi+i&),

i=0 j=1

then z is (k1 + 1)-renewable. The remainder set to be covered is

k—1
U s[5 em)
=0

This job is completed by considering the induced system on [w;y1 — &1, w;y1) for
i = 0,...,k —1. The construction is done in the similar manner. The induced
rotation is given as an interval exchange:
Tz +& if v € [wit1 — &1, wiv1 — &2)

r—r+& -GG ifr€wip — &, wiv)

Take ¢ = k for simplicity. We may assume w1 < 1 — & since otherwise the
covering is already over. One can similarly define

T () = Jo(@)Jo(z+ &) ... Jo(z+ (a1 —1)&) ifxel—&,1—&)
1 Jo(z)Jo(x + &) ... Jo(xz + (a1 — 2)&) ifx €[l —&,1)

and the set of discontinuity of Ji' is just a shifted set of those of Jy:
{wM - eT|u=1,... k +1}.
Similarly as (12), for each z € [1 — &3, 1), we have b € A such that
T (@b =(k=1)Ji(z+&)

and b is determined by x + & € [wp,wps1). Thus in the same way, when u €
[Wit1 — &1, wit1), 2 is (k1 + 1)-renewable and we have shown that for any u € T the
general rotation word z is (k + 1)-renewable. Note that this proof shows that there
are two choices of the set B; C A* for

Wy — W
e [wiﬂ — wi, w; + {H&J §1> .

Indeed, usually we have several choices of induced systems. The only requirement
is that the interval should be decomposed into at most k + 1 parts.

Now we have shown that for any p the general rotation word z is (k + 1)-
renewable. However this procedure can be repeated recursively to the subinterval
(strictly speaking, the subsystem) to which p belongs. As we have seen that the
set of discontinuity of J| and Jj' are given by translations of those of J;, by the
same reason as the case y = 0, the number of decomposition of subintervals does
not exceed k + 1. Therefore z is recursively (k + 1)-renewable and the proof is
finished. O

The recursive covering of [0, 1) constructed in this §4 will be reused in §10.
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5. AN EXAMPLE

Let us show a sample computation of a general rotation word of an angle £ =
272/3 and an initial value p = 0 with respect to a decomposition [0,1) = [0,1/3) U
[1/3,1)

0101101101011011011110110110101101101011011011110110110. ...

following the proof of Theorem 1.

0,6) = [0,1/3) U [1/3,1—=272/%) U [1-27%3272) =T, U ;UL

0,&) = [0,4/3—2'3) U [4/3—2/3,2-3.272/3) U [2—-3.272/3 —142'/3)
= Ipio11 U o111 U Ilonn

0,65) = [0,4/3—2Y3) U [4/3—-2'/3,2-3.27%/3) U [2—-3.27%/3 —345.27%/3)
= Ioio11011 YU lo1111011 YU lo11

0,6) = [0,12—19-272/3) U [12-19-27%3,19/3 —5-2Y/3) U

[19/3 —5-2Y/3 —5 4 4.2Y/3)
- 1010110110101101101111011011 U 10101101101011011011 U 10101101101111011011

In fact, this method gives a rapid algorithm for computation of general rotation
words. The recursive construction algorithm for p # 0 in §4 may not be suitable in
reality because we have to switch to other systems, keeping in memory all systems
appear in the process. It is easier to shift the origin at the expense of one more
subdivision, as explained in the beginning of §4.

6. QUADRATIC ROTATIONS ARE PRIMITIVE SUBSTITUTIVE

In this section, one direction of Theorem 2 is treated. We prove that a general
rotation word of a quadratic irrational angle £ and an initial value g with respect
to the decomposition (1) is primitive substitutive provided w; — u € Q(§) for all 4.
By the same technique stated in the beginning of §4, it is sufficient to prove this
fact for 4 = 0 and w; € Q(§) since it just amounts to increasing by 1 the number
of subdivisions. Moreover, we may assume that w; = 1 — £ for some i by the same
reason. Under these assumptions, the proof of Theorem 1 reads that the irrational
rotation z — x 4+ & on T gives rise to induced rotations x +— x + &,41 on [0,&,)

for n = 1,2,... and the set of discontinuity {w; | ¢ = 1,2,...,k} is transformed
into {wgn) | i =1,2,...,k}" with wgn) = &, — &4 for some i. Each wgn) has
a form w(" ™Y — Lw&”‘”/gnj & (u=1,2,... k). Let us renormalize the sizes of

the rotations and observe the orbit of w;. The n-th induced system [0,§,) > x —
x+&nt1 € [0,&,) is renormalized into:

0,1)>2— x4+ 2541 €10,1)

with 11 = &,41/&, and the discontinuous points must be pl(-n) = w§”>/§n. There-
fore pl(-n) should have a form p§* " JTn— qu(fhl) /x| for some u. Moreover, we have
Tn = S™() (n=0,1,...) by the negative continued fraction map S as explained

in §2. For # > 1, we define the §-transform by
T5:[0,1) >z — pz— [Bz] €[0,1).

"The cardinality of {wgn) |i=1,2,...,k} could be less than k by coincidences win) = wz(i)l
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Then the set of discontinuity of n-th renormalized induced rotation is written as

{Tyje, - Tijue(ws) | i=1,2,... k}.

Let us denote by vn(y) = Th/z, , ---T1/2,(y) for n = 1,2,... with x, = S"(¢).
The clue of the proof is to show a

Proposition 2. If¢ € (0,1) is quadratic irrational and y € Q(§) then the sequence
(Un(Y))n=1,2.... is eventually periodic.

In view of Proposition 4 given in §9, this is a generalization of the result in
[21] on Ostrowski expansions. Once Proposition 2 is established, it is easy to
see that the quadratic rotation word is primitive substitutive. Indeed, taking the
least common multiple L of periods of k sequences (v, (w;))n=01,..., there exists an
integer m > 0 such that the m-th renormalized induced system and (m + L — 1)-th
renormalized induced system is exactly the same. Hence the associated rotation
word z(™) € BN is successively decomposed (L—1)-times into k-blocks and gives rise
to z(m+L=1) ¢ B ., which has the same structure as (™). Therefore 2(M) is a fixed
point of the substitution on B,,. This substitution is primitive, because repeated
application of the substitution to B,, yields sufficiently long words generated by the
induced rotation x — x+&,,+1, each of which must contain all letters of 5,,,, by the
minimality of the irrational rotation. This shows that z(!) is primitive substitutive.

We give two proofs of Proposition 2. A technical difficulty arises from the fact
that each 1/x; is not necessary an algebraic integer. In the first proof, we choose
periodically varying Z-bases to overcome it.

6.1. The first proof. According to the last remark of §2, (x,,)n=0,1,... is eventually
periodic. Without loss of generality, we may assume that the negative continued
fraction of £ is purely periodic, i.e., there is a positive integer L that x,, = x,4p
for n > 0. By (6), there is (Pr, Pry1,Qr,Qr+1) € N* depending on x,, such that

(13) Ty = (Pry1 — Pran)/(Qri1 — Qran).

Put h(y) = Qry* — (Qr+1+ Pr)y+ Pry1. By (7), we see h(z,,) = 0,h(0) = Pryq >
0,h(1) = (P41 — Pr) — (Qr+1 — Q) < 0 and the conjugate 2/, can not be less
than 1. ], ¢ Q implies x], > 1. Let = min, x], > 1. The general term of the
sequence is

_ Y= sy k() e lroms - ak

14 n
( ) v (y) ToxX1 ... Tp—-1

Note that by periodicity of (2, )n=01...., |v&(y)/2k] < [1/x1] are uniformly bounded
by a positive constant L. Therefore

’ n—1
L L
Wl e L
wa ) < 5 +Znn_k_1 <Wi+1—
k=0

This shows that (v, (), (vn(y))’) € R? is bounded. On the other hand there exist
a positive integer M and (py,qn) € Z? such that v, (y) = (P + ¢un)/M. Indeed,
the case n = 0 is trivial and

vn (Y L (p
Un+1(y) = % —Cp = M <-TZ + Qn> —Cn
1 _ Dn+1+ qny1Tnp1

= 7(pn(an - xn—&-l) + Qn) — Cp =

M M
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with ¢, = |v,(y)/zn]. Again by periodicity of (z,)n=01,.. and the boundedness
of (Un(y), (vn(y))), we see that (pn,gn) € Z? is bounded and this implies that the
sequence (U, (Y))n=1,2,... is eventually periodic. O

The second proof is based on [8] and [34] where they treated beta expansions in
a Pisot number base.

6.2. The second proof. We may assume that there is a positive integer L that
ZTp = XTpp, for n > 0. By (6),
v Pri—xPy
Qr+1 — QL
with PL+1QL — QL—HPL =1. Putting K= QL+1 — JCQL, we have
IQZ — (QL-H — PL)H +1=0.

From (5) and a,, = &, + 1/2,—1, we deduce

o Qn - xnlenfl o o Ql - xOQO o 1
Qn—kl*ann*—*"'* - .
Tn—1 ToT1 ... Tp—1 ToT1 ... Tp—1
Therefore
1
(15) K=Qr1 —2QL =

roT1..-Tr—1

is a quadratic unit with £ > 1 and |s/| < 1, i.e., a quadratic Pisot unit. Take a
finite set D = {Zi;& crxo... .2k | 1/xp > ¢ € Z} and choose a positive integer
U such that all dU are algebraic integers for d € D. Then in view of (14), we can
write

M-1
omr-1(y) = My — Z dk'
i=0

with d; € D. Then (Uvamr—1(y))m=1,2... is a sequence of algebraic integers and
one can easily show that (Uvprr—1(y), (Uvarz—1(y))’) is bounded in R? in a sim-
ilar manner as in the first proof. Therefore the sequence (varr—1(y))m=12,.. is
eventually periodic and this proves that (v, (y))n=1,2,... is eventually periodic. O

In his undergraduate text book ([35], page 212), Takagi emphasized that the
denominator like s of the modular equivalence equation (13) becomes a unit. The
product relation (15) seems interesting in its own right.

7. RECOVERING PARAMETERS OF ROTATION WORDS

From a given general rotation word z on {0,1,...,k — 1} with k& > 2, there
is a way to recover all parameters, i.e, the angle £, the initial value u, and the
decomposition of the unit interval [0,1). For the later use, we briefly describe this
method in this section. A lot of methods had been discussed for sturmian words in
relation to continued fraction expansions. One can find a nice survey in Chapter 6
of [18] in which a dynamical and algorithmic way of this recoding is discussed in
detail. Here we only mention a ‘transcendental’ way to recover such parameters,
which might be a folklore.

First of all, from unique ergodicity of the irrational rotation, the decomposition of
[0,1) is recovered immediately since it amounts to computing frequencies of letters
of {0,1,...,k — 1}. Thus we have given (1) with 0 = wp < w1 < -+ < wi—1 <
wy, = 1 and we may assume that the angle £ is in [—1/2,1/2). Choose an arbitrary
j€{1,2,...,k—1} and recode the word z = zpz1 ... into 2’ = 2z} ... where z; =0
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for z; < j and 2z, = 1 for z; > j. Assume first that w; > 1/2. Then we observe in
this rotation word 2’ at most two different longest runs of 0’s, say, 0™ and 0M+1,
This implies that w;/(M + 1) < ¢ <w;/M with M > 1. We get frequencies of 0
and 0! which are denoted by ks and Kkum+1 (one of them could be zero). When
€ €10,1/2), consider a decomposition

[0,8) = [0,w; — M&) U fwj — ME, &) = In1 U Ln

Then p + né (mod 1) € Ipr4q is the beginning of the M + 1 runs of zeroes and
p+né (mod 1) € Iy is the beginning of the M runs of zeroes. Therefore, we have

RM+1 - wj—Mf

KM (M—l—l)f—wj'

From this equality, we got to know the angle:

wi(km + Kpms1)
(M + 1)I€M+1 + MIQM ’
The case & € [—1/2,0) is likewise and the final formula is the same. Secondly

if w; < 1/2, then we observe in 2z’ at most two different runs of 1’s. The later
discussion is the similar and we obtain:

(1 —wj)(km + K1)

&=

&= (M + 1)knms1 + Men
Our final task is to get the initial value. For z = zpz; ..., take an increasing
integer sequence of occurrences of the letter 0, i.e., 0 =ng <ny < ... with z,, = 0.

Then we have
p+n;E (mod 1) € [0,wr)

and hence
pe () ([—n&w —n€) (mod 1))
=0

The intersection should be a single point, since it is non empty and n€ (mod 1)
for n =1,2,... are uniformly distributed in T. Therefore we finally recovered the
parameter . (|

It might be a problem that without information of the natural order of letters,
this recovered parameters are unique or not.

8. UNIQUENESS OF DECOMPOSITION

As we stated in the last part of §4, the choice of k 4+ 1 blocks of general rotation
words is not unique. On the other hand, in this section we show that once we
have chosen k + 1 blocks as in the proof of Theorem 1, the way to decompose the
general rotation word into these blocks B,, is unique when n is large. Such B,, is
called a code. This uniqueness will be used in the proof of the remaining direction

of Theorem 2.
Proposition 3. Let Jn(wff)) = 51...5Q,4, € Bn be a long word in the sense of
Proposition 1. Assume that there are i,j such that s; # s;. The we have

Qn+1 Qn+1
W) = () )~ -8 = (] oo~ (- Desonia— (- 1) inT.

i=1 i=1
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Clearly, if n is sufficiently large, the long word will contain two letters and satisfy
the assumption of Proposition 3.

Proof. Note that y € ﬂz (T (si) = (i — 1)€) is equivalent to J(y + (i — 1)€) = s;

fori=1,...,¢. Hence by construction of wgn)

Qnt1
Wi o) € () (T ) — (- 18)
i=1
is obvious. By the assumption, (J71(s;) — (i — 1)) N (J71(s;) — (4 — 1)€) is an
interval, since the sum of length of two intervals does not exceed 1. Thus we can
put

, the inclusion

Qnt1

N T s) = = D)&) = [t ta), < wl? <) <t

i=1
Let us show ¢, = wq(ﬁ)l. Recall that wq(ﬁ)l is a discontinuous point of the n-th
induced rotation on [0,&,) and J, (wun)) <lex In(w u+1) If | T (w (n))| = |Jp(w u+1>‘
then tp < wgn) since Jn(wgn)) and Jp,(w qu1) = s}...50,,, are different words of
the same length and hence

Qnt1 Qnt1

N )= G-0 | n| () -GE-18 ) =0

i=1 i=1

which implies to < wi_‘_)l Next assume that |J, (wfj’))| > | Jy(w u+1)\ Reviewing the
proof of Theorem 1, this happens only when wq(ﬁ_)l =& —&nt1 and p(J, (w (n ))) <lex

Jn(wgfl). In this case, consider words
J(@)J (@ +&) ... (@ + (Qni1 = 1)E)

for x € [wu , 7(21] Ifx e [w&n),wfﬁr)l), the words are the same and

T@) + (Quir — Qu)E) = J(En — npr — (nrr —&n)) = J(0) =0
and therefore
k=1=J@l + Qi — Qu)E—2) £ T + Qi1 — Qu)E) =0

for a sufficiently small positive £.¥ This shows that
T@EM) T (@) .. @+ (Quar—1)€) # T T @ +€) .. Tl +(Qna1—1)€)

and t5 < wfﬁ_)l.

Finally we prove that t; = w& ). Note that won) = 0 for all n. Therefore if
u = 0, then by using J~(0) = [0,w;), we have t; > 0 = w(()n) and the proof is
completed for v = 0. When u > 0 by the proof of Prop051t10n 1, the predecessor
of a long Word in B, must be long and we have |.J, ( )| = |Jp(w n))| Thus we
have J,, ( ) # Jy ( ) and ¢; > w$™ in a similar manner. O

8Considering the order <jex on these words, there should be some j < Qn+1 — @Qn such that
T + j€) < J(w, + j€) indeed.
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Let us extend general rotation words to bi-infinite words. Fix £ € [0,1) \ Q,
€ [0,1) and the decomposition (1). Then a bi-infinite general rotation word is
naturally defined by

= (=20 (=& T (W) (p+ &) J(n+28) - €{0,1,... .k —1}".
Then z is (k + 1)-renewable by blocks B,, = J,,([0,&,)) in the similar manner.

Theorem 3. Assume that each long word of B, has at least two letters of A,
kE<Quni1—Qn and &, <w, < 1—&, +&,41 with some v € {1,...,k—1}. Then
there is only one way to decompose a generalized rotation word z into B,,.

From this Proposition, the decomposition of the original rotation word is unique,
because for a given one-sided general rotation word, the extension to a bi-infinite
rotation word is unique (c.f. §7).

The length of short words of B, is not less than []}"_, (a; —1). Hence assumptions
of Theorem 3 are fulfilled” for a sufficiently large n. The condition k < Q11 — Qn
assures that the length of the short word is not less than the cardinality of short
words. This condition is necessary. For instance, By = {01,0,1} holds for the
decomposition [0,1/2) U[1/2,1) with £ > 1/2.

Proof. We say that two words z;zi1...,%i4¢ and z;zj41...,2j4+¢ overlapped if
there are i, j such that i < j < i+ £. Write

Z = ...2_9Z_ 1207172 ...

with z; = J(pu + i€) € A. First we give a standard algorithm to decompose z into
B,,. Put { = Q1 — 1 for simplicity. Consider a set
L={i€Z]| zzit1-..,2ite 1s a long word of B, } C Z.

Since z;zi41 .- ., Zi+¢ = S is a long word, by Proposition 3 we have y+i€ (mod 1) €
[w&n),wiﬁzl) with s = Jn(wgn)). This implies that p+ i€ (mod 1) € [w,&n)7w1(ﬁ21) C
[0,&,) and the first return map to the interval [0, &,,) is realized by @ — x4 (£+1)¢&.
This means that p + k€ (mod 1) € [0,&,) for k = 1,2,...,¢ and hence j # k for
k=1,2,...,L. Therefore there are no overlap of long words in z. In this manner
we can first decide all locations of long words in z. Let z;...z;4¢ and z; ... 254, be
above decided two long words with i + ¢ < j and assume that there are no k such
that i +¢ <k <jand k€ L. If i +- £+ 1 # j, consider the word zj¢41...2j_1.
p+ i+ £+ 1) €10,&,) implies that J,(u+ (¢ + £+ 1)) is a prefix of z; 141 ...
and we must have i + £ + |J,(pu + (i + £+ 1)§)| < j — 1 since otherwise this short
word Jy, (p+ (i + £+ 1)§) and the long word z; . .. z;1¢ overlap and we would have
G+ Ty (p+ (i +2+1)€)|+1)€ (mod 1) € [0,€,) , contradicting the property of
the first return map again. Iterating this, z;1¢41...2j-1 is decomposed into short

words. Therefore we have a decomposition of z into B,,: z =...x_2x_1Z9x1Z2 ...
with xy € B,,. Let us say that this is the standard decomposition.
We claim that any decomposition z = ...y_sy_1yoy1y2 - . . with y; € B, and any

K > 0, there exist i« < —K and j > K such that y; and y; are long words of B,,. In
fact, for e.g., assume that y; is a short word for all ¢ < —K and y_g = 2z ... 2j4¢.
This would mean that any factor of length ¢ + 1 appears in the left infinite word
... Zj+e—1%j+¢ must be a short word, since

{p+G—-L+1)t)¢ (mod1)|t=0,1,...}

9Recall that there are infinitely many i’s with a; > 2.
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is dense in [0,1). However, because the cardinality of short words is not greater
than £+ 1, the word ... z;4¢—12;4¢ must be periodic (for e.g., see Proposition 1.1.1.
in [18]). Then & would be rational, a contradiction. This proves the claim. Define

C(...z—ox_1zor122...) ={i €Z | It &, = 2;... 7, is a long word}
and
C(...y—2y—1Yoy2...) ={1 €Z| 3t y: = 2 ...z is a long word}.

By the above claim, C(...y_2y_1y0y1y2 -..) is neither bounded from below nor
from above. From the definition of the standard decomposition,

C(...y—2y—1yovry2-..) CC(...x_2x_1xox122...).

It is sufficient to show that these two sets are equal. Indeed, if y; = z;, ... 2,
and y; = z;, ... z;, are adjacent long words with ¢ < j, the decomposition of word
Zis+41 - - - Zj,—1 into short words is trivially unique.

Assume that there exists

keC(...x_ox_1x0x122... )\ C(- .. Y—2Y—1Y0¥1¥2 - - - ).
Choose ¢ € C(...y—2y—1Yoy1y2 - -. ) with ¢ < k and find a minimum

ki€ C(...xz 2z _ywor172...) \ C(... y—2y—_1Y0¥1¥2 - - )

with ¢ < k1. Then the decomposition of z;1p41...25,—1 € A* into B, is unique,
since there are no occurrence of long words any more. This shows that the long
word 2y, .. .2k, +¢ has a short word prefix 2y, ... 2k, +¢. In view of Proposition 1,
this happens only when zg, ... zk, +¢ is a long word J,(x) with z € [0,&, — &n41)
and 2k, ... 2k, +¢ is the smallest short words with respect to the order <jex. Thus
2k +0+1 = J(x + £'€) is the prefix of a short word. Since ¢/ = Q41 — @, we have

J(@+06) = J(&+ (Qni1 — Qn)é) = J(@ + &1 — &) 2 v

because © + &n11 — & € [—&n + &nt1,0). However by the assumption, each short
word of B,, begins with a letter less than v, which gives a contradiction. O

9. OSTROWSKI’'S NUMERATION SYSTEM AND INDUCED DISCONTINUITIES

Ostrowski’s numeration system has deep connection to the distribution of (n€)p=12,...
in T and combinatorics on words: a survey is found in [4]. It is extensively used
in recoding sturmian words in Chapter 6 of [18]. A generalization to the decompo-
sition [0,w1) U [w1,1) is studied in §5 of [5] to deduce an ergodic invariant of the
rotation. In this section, we introduce Ostrowski’s type numeration system associ-
ated to the negative continued fraction of £ to analyze induced discontinuities. One
understands what happens when wy € Z + £Z in [1] from the result of this section.

Recall that a, is the digit of the negative continued fraction of £ and @, is
defined by Qn4+1 = a4,Qpn — Qn—1 with Qo =0 and @, = 1.

Lemma 1. Fach element m € N is uniquely expanded in a form:

¢
m="_ mQ;
i=1
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with m; € {0,1,...,a; — 1} and (mg,me_1,...,mq) is a label '° of a finite walk of
the next graph:

(16)

A word (mg,mg—1,...,mq) € Hle{O,l, ...y a;} is admissible if this is a label of
a walk on this graph. Conversely, for an admissible (mg,me—1,...,m1), m =
Zle m;Q; gives a greedy expansion of m.

Proof. The expansion of m € N is computed by a greedy algorithm;
(1) z+—m
(2) Find k > 1 with Qk <z < Qk—i—l
(3) my, — [2/Qx]
4) 2 —x—mpQy
(5) If z = 0 then stop. Otherwise go back to (2).

We find an expression m = Zle m;Q; with m; € {0,...,a;—1}. Let us prove that
this expression is admissible. Reading the graph (16), a word (mg, my—1,...,m1) €

Hf:l{O7 1,...,a;} is admissible if and only if there are no forbidden subwords of
the form:

(ap —l,ap—1 —2,...,6q41 — 2,04 — 1).
To be precise, (mg, my—_1,...,m1) is admissible if and only if it has no suffix of the
form:
(ap—1,ap—1—2,...,a0941 — 2,0 — L,mg_1,...,m1).

One can easily prove an equality:

p—1
(17) (ap = 1)Qp + (ag —1)Qq + Z (a; = 2)Q;i = Qpt1+ Qg1

i=q+1

for 1 < g < p. Therefore the words of forbidden form do not appear by the
greedy algorithm. This proves that above obtained expansion is admissible. To
prove the remaining part, it suffices to show if m = Zle m;Q; is admissible, then
m— Zf:kH m;Q; = Zle m;Q; < Qrai1, since this means that the admissible ex-
pansion must coincides with the greedy one. The digits vector (m;, ..., mjy1,m;) is
an admissible blockif m; < a;—2 (m; < aj—2for j =1ori = j)and for k € N with
j < k <iwehave my = ar—2 and m; = a;—1. In other words, we cut the digit vec-
tor into blocks whenever we come back to the left vertex of (16). Note that a length
one vector (m;) with m; < a; — 2 is an admissible block by this definition. The
admissibility of (mg, mg_1,...,m1) allows us to decompose this digits vector into
admissible blocks: (Mg, —1,. .., Mky)s (Mig—1y -y Miy)y -y (Mp,—1,...,m1) wWith
k1 =k+1and k41 = 1. By (17),

mkilekz‘*l + -+ mki+1Qki+1 S Qk‘i + Qki+171 - 2Qki+1

10Read from left to right. Each move in (16) decreases the index ¢ by one.
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for i > v and the last —2Q), ,, is substituted with —Qy,,, for ¢ = v. This inequality
is valid for the block of length one with k; = k; 11 + 1. Summing up we have

k
D> miQi < Qi1 — Qro + Qks1 — Qky + Qi1 — - — Q1 + Qo < Qi

i=1
which shows the result. g
For a given x € [0, 1), we have another expansion:

(o)
T = Z ;&
=1

with z; € {0,1,...,a; — 1}. In this case, since 0 < &,41 < &, the algorithm
works in the opposite direction'!, that first we subtract z1£; and then z2& and so
on by the greedy choice of digits z1,xs,.... The fact that Q; and &; satisfies the
recurrence of the same shape with symmetric forbidden words, the infinite vector
(x1,x2,...) is a label of the infinite walk on the graph (16). An infinite vector
(z1,22,...) € [[,2,{0,1,...,a; — 1} is admissible if it is a label of an infinite walk
of the graph (16) which visit the left vertex infinitely many times.

Lemma 2. Fach element x > 0 is uniquely expanded in a form:

o0
=Y &
i=1

with x; € {0,1,...,a; — 1} and (z1,22,...) is admissible. Conversely, for an ad-
missible vector (x1,xa,...), Zle x;& 1s a greedy expansion in the above sense.
It is interesting that the numeration system works by the same greedy algorithm

but in two different directions. We call this expansion of x, the dual Ostrowski
expansion.

Proof. The expansion of = is computed by a greedy algorithm;

(1) i1
(2) @ — |z/&]
(3) z =z —x§

(4) i < i+ 1 and return to (1).
Clearly z; € {0,...,a; — 1}. Let us show that for an expression x = Y .0, z;&;,
(z1,x2,...) is admissible. Reading the graph (16), a word (x1, x2, ...) is admissible
if and only if there are no subwords of the form:

(@p,.. o xg) =(ap—L,apy1 —2,...,a9-1 — 2,09 — 1)
with ¢ > p and no suffix of the form
(@ps Tpt1,---) = (ap — L,apy1 —2,ap12 — 2,...).

We start with an equality analogous to (17):

q—1

(18) (ap — 1) + (ag — 1)& + Z (ai = 2)& = &-1 + Eg1

1=p+1

Hn this case, transition to the next vertex in (16) increases the index i by one.
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for p < g which proves that the above expansion contains no words of the form
(ap —1,apt1 —2,...,aq-1 — 2,a4 — 1). Taking ¢ — oo in (18), we have

(ap =D+ D (i = 2)& = &

1=p+1

which shows the there are no suffix of the form (a, — 1,ap—1 — 2,ap—2 — 2,...).
Thus we have shown that (x1,x2,...) is admissible.

We will show that if (21, 23, ... ) is admissible, then x—Zle ;& = Z;’ikﬂ ;& <
&k, since this means that the admissible expansion must coincides with the greedy
one. The digits vector (z;,...,x;) is a dual admissible block if z; < a; — 2
(¢j < a; —2for ¢ = j) and for k € N with ¢ < k < j we have 2, = ap — 2
and x; = a; — 1. In short, from the opposite direction of Lemma 1, we cut the digit
vector into blocks whenever we come to the left vertex of (16). The admissibility
of (Tx41,Tk12,...) allows us to decompose this digits vector into dual admissible
blocks: (s s Tho—1), (Thys- v s Thg—1)se vy (Thyse-vr Thy—1)s - .- With ky =k + 1.
An infinite sequence (Zx11,Zgt2,...) can not stay eventually in the right vertex of
(16), the dual admissible block decomposition is always possible. By (17),

xk}igki + xki+1_1§ki+1_l < Eki_l + gk?H»l - 2§k?i+1_1

for each i. This inequality is valid for the block of length one with k; 11 = k; + 1.
Therefore we have

(oo}

Z ik < &ky—1 — Ehyo1 + Eky — g1 + Ehy — - < &

i=k+1

O

For the proof of the remaining direction of Theorem 2 in §10, it is important

to understand how the set of discontinuities vary when the n-th rotation in [0,&,)

is induced to the (n 4 1)-th. Let w[0] be one of the discontinuities of the original
rotation x +— x + ¢ in [0,1). Then the recurrence

—1
(19) ot =wth -1 - [ A
&k
gives a point of discontinuity of k-th induced rotation x +— x + £ in [0, &k ) arose
from w[0].

Proposition 4. Let w[0] = Y77, z;& be the dual Ostrowski expansion associated
with €. Then we have

wik] = Y mi

i=k+1

Proof. This is obvious from the greedy algorithm of the dual Ostrowski expansion.

|

The point of discontinuity of the form m& (mod 1) with m € Z plays an excep-

tional role; for positive m it eventually disappears, and for negative m it eventually
corresponds to the point & — &xy1:
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Proposition 5. Let m € Z and w[0] = m& (mod 1). If m > 0, then the Ostrowski
erpansion m = Zf:l m;Q; gives rise to a finite dual Ostrowski expansion

m& (mod 1) Zmlfl

Thus wlk] = Zf:k+1 m;& and especially wi¢] = 0. If m < 0, then we have an
infinite dual Ostrowski expansion

m& (mod 1) szfz

and x; = a; — 2 for sufficiently large i. Especially, w[k] =372, (a; —2)& = & —
1 for sufficiently large k. Conversely, if x > 0 has an expansion © = <, z;&;
with x; = a;—2 for sufficiently large i, then x = m& (mod 1) with a negative integer
m.

Proof. The case m > 0 follows from Lemma 1 and 2 since finite forbidden words
for two greedy expansions coincide. By this correspondence of Ostrowski expan-
sions and their duals, the positive z’s having finite dual Ostrowski expansions are
characterized.

We prove by induction that for any integer m > 1 there exists k > 0 such that
its dual Ostrowski expansion has a form:

—m¢& (mod 1) Zﬂ%fz

with x; = a; — 2 for i > k. The equality (18) implies Y22, . (a; — 2)& = & — &k
for any integer k > 0. Taking k = 0, we have
(20) —¢ (mod 1) = (a; — 2%

i=1

which shows the case m = 1. Assume that
—m¢& (mod 1) Z:}:Z&

with z; = a; — 2 for ¢ > k and (z1,22,...) is admissible. Take the largest integer
s > 0 such that ; = 0 for ¢ < s. If s =0, then z; > 0 and (x1 — 1,25,...) is
admissible. This implies that —(m + 1)¢ (mod 1) has the required form. If s > 0,
then we use the relation (18) in a form

(21) (a1 — D& + (as — 1)& +Z )6 = 14
Thus we have
—(m+1)E = =+ > wl
1=s+1

s—1

= Z(az - 2)51 + (as - 1)55 + (xs+1 - 1)55-&-1 + Z xzfz in T

i=1 i=s+2
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and (a1 —2,...,a65—2 —2,a5-1 — 1, X541 — 1, Tsy2,Tsy3,...) is easily shown to be
admissible. Conversely assume that z > 0 has an expansion z = Zfil x;&; with
x; = a; — 2 for i > k and choose a minimum k. If & = 0, then (20) shows that

x=—€ If k>0, then 2 < ap — 3 since (21,9, ...) is admissible.
0o k
domibi = &G+ Y wk
i=1 i=1

k
(Qk - Qk-',-l + Z$1Q1> 13 (mod 1).

i=1

By the admissibility of (z1,...,zk—1,2 + 1), we have

k—1
—Qrr1 + (@ + D)Qk + > Qi < Qi — Qrr1 <0
i=1
by Lemma 1. O
Define '[i] (i = 0,1,...) by the same recurrence (19) as w[i] with an initial
value w’'[0]. Using the dual Ostrowski expansion, one can discuss when two points
of discontinuity coincide in the k-th induced rotation:

Proposition 6. Assume that w][0] # m& (mod 1) for all m € Z and there is an
integer u such that w'[0] —w[0] = u& in T. Then there is an integer k > 0 such that
W'[k] = wlk]. Conversely if there exist an integer k > 0 and w'[k] = w[k], then there
exists an integer u such that w'[0] — w[0] = u& in T.

The assumption w[0] # m& (mod 1) is necessary. Consider the case w[0] = 0
and w'[0] =1 — & = —¢ (mod 1) in Proposition 5.

Proof. In view of Proposition 4 and &; = @;£ (mod 1), the later assertion is obvious.
Assume that w’'[0] — w[0] = u€ in T for an integer u. Without loss of generality, we
may assume that u > 0. By the assumption and Proposition 5, both w[0] and w’[0]
have infinite dual Ostrowski expansions w[0] = > 2, ;& and '[0] = Y 2, zi&;
and both of them do not have a suffix of the form (a, —2, apy1—2,...). We wish to
show that there exist k£ > 0 such that z; = 7 for ¢ > k. It suffices to show this in
the case u = 1 since we can iterate u-times the procedure. Therefore our goal is to
show that & + > ;& can be rewritten into Y .o, /¢ without infinite carries.
Let k1 = 1 and (gyy- -y Thy—1), (Thyy- -+ Thg—2), ... is the dual admissible block
decomposition as in the proof of Lemma 2. When (21 + 1, 23, 23, ... ) is admissible,
we have nothing to prove. If not, then z1 +1=ay or x1 +1=a7 — 1.

Case x1 = a1 — 1. By the admissibility of (x1,x2,...) the first dual admissible
block is of length greater than one, i.e., ks > 2. Since a1&; = 1 + &, we have

a1§1 + Zfﬂiﬁi =(x2+ 1)+ infi in T.

i=2 i=2

If ko > 4 then xo+1 = as—1 and we have a new dual admissible block decomposition
(O), (332 +1,23,... ,xkz_l), (ka ... ,1‘1%_2), .

which shows that z; = a} for ¢ > 3. If ko = 3 then 22 < as — 3. In this case, the

same computation gives a new decomposition

(0), (x2 + 1), (Tpyys -+ -y Thy—2), - - -
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which shows the same z; = z for ¢ > 3.

Case 1 = a1 —2. By the assumption on (z1, za, ... ), there exists a maximum in-
teger s > 2 such that x; = a;—2fori < s. If x5 < a;—3 then (z1+1,22,...,25-1,%s)
forms the first dual admissible block and (x; + 1, z5,...) is admissible. This was
excluded at the beginning. Therefore we must have x; = a; — 1, which is the
beginning of an dual admissible block (zs, ...,z¢) with £ > s. Using (21), we have

(z1 + 1)+ in& = (Te41 + 1)&sy1 + Z z;& in T.

=2 i=s+2

If £ > s+ 2 then 511 = as41 — 2 and the last expression gives rise to a dual
admissible block decomposition:

(0),...,00), ((as41 — 1), Tsq2y- -, Te), -

which shows that x; = 2 for i > s+ 2. If £ = s+ 1 then z,41 < as41 — 3 and the
decomposition is:

(0, ..., (0), (o1 +1),...

and we also have x; = a} for i > s+ 2. O

10. PRIMITIVE SUBSTITUTIVE ROTATION WORDS ARE QUADRATIC

We prove that if the general rotation words is primitive substitutive, then £ is
quadratic and w; — p € Q(€), and complete the proof of Theorem 2.

Let z = 2921 --- € AY be uniformly recurrent, i.e., for each factor v of z there
exists k > 0 that all factor of length & must contain v as a factor. Clearly, each
general rotation word is uniformly recurrent. Take a prefix u = 27 ...2,. One can
decompose z into blocks as z = xgxy ... with x; € Ule AF such that w is a prefix
of all z;x;41 ... and all the factor u of z appear as a prefix of x;x;41 ... for some
i. Such z; is called the return words of u. Put u =#{xz; | i =0,1,...} and define a
map A, from {z; | i=0,1,...} to {0,1,...,u—1} by the rank of first occurrence
of z; in z. The word A, (20)A,u(z1)Asu(x2) ... is the derived word of z by the
prefix u. Then

Theorem 4 ([14], [19]). A uniformly recurrent word z is primitive substitutive if
and only if its derived words by all prefizes form a finite set.

Note that once this theorem is established, the map A, could be replaced by
any bijection from {x; | i =0,1,...}to {0,1,...,u—1}. This change would at most
M! times enlarge the number of different derived words, where M is the maximum
of the cardinality of return words with respect to a prefix of z.

Consider a general rotation word z = zpz; ... with respect to a decomposition
(1) with an angle £ € [0,1) \ Q and assume that z is primitive substitutive. Take
a sufficiently large positive integer ng, so that for n > ng, the presumptions of
Proposition 3, Proposition 5, Theorem 3 and Proposition 6 are fulfilled, that is,

e Each long word of length @Q,, contains two different letters.

e Decomposition into B,, is unique.
o If wETL)—w§n) = u¢ (mod 1) with i # j for some integer u then {wgn),aé")} c

{Oa fn - £n+17 §n}
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10.1. The case pu = 0. First let us show that £ is quadratic. Choose m > ny.
From Proposition 3, an occurrence of z;...2i1qQ,.,,—1 = Jm(0) is equivalent to i§
(mod 1) € [O,wgm)). Find a unique n > m such that &,11 < w§m) < &, which is
always possible under our assumption. We write n = n(m) when it is necessary.
Let z = zé")zﬁn) ... with zi(n) € B, be the n-th renewed word by Theorem 1. Define
a map fy : {zz(") |i=0,1,...} — {0,1,...,k,} with #B,, = k,, + 1 having the
order preserving property

T S<jex Y = fn(x) < fn(y)

Then by construction, fn(z(()n))fn(zgn)) ... is a coding of the rotation x — x + &,11
of the torus [0,&,) with respect to the decomposition

(n)

0=wi" <w" ™ <™ = €.

< <wy T <wp i =

There is an index 1 < ¢ < k, such that wlm) = wé"). Hence in this setting,

the return word of z with respect to the prefix J,,(0) is a coding of the induced

system [O,wgm)) of the n-th rotation © — x + &,4+1 on [0,&,). The first return

map gm : [(),wgm)) — [O,u;gm)) becomes an exchange of three intervals, which is
explicitly given as follows:

T+ &ng, VS [O’WYYL) - fnJrl)
gm (@) = Q@+ Gm + Vst = &ns @ € [0f™ = &nr1,n = bnbasr)
T+ bmfn-i—l - gna VS [gn - bmfn-i—lawyn))
with by, = [(§n — wY"))/gnH]. Define a natural coding Jy,, : [0, wgm)) — B by:
In(@), z € [0,04™ ~ &np)
jm(l‘) = Jn(x)Jn(x+£n+1)~‘~Jn(x+bm€n+1)a S [wgm) _§n+17§n _bm£n+1)
Jn(@)In(x +Ens1) - In(@ + (b — D)ént1), @ € [ — bmfn-&-lawim))-
The discontinuities {wgn) |i=0,1,...,k,+ 1} are transformed into discontinuities
™ 1i=0,1,....m' +1} of Jpn:
0 = n(()m) < ngm) < “e < nfnn}ll — w;m).

Obviously we have

(™30 [0,0f™ = &nyr) = {wM} N[0, 0™ — &ur1)

and other elements are of the form w§n) — pént1 € [wgm) — £n+1,W§M)) with an

integer p with 0 < p < b,,,. By the assumption, the correspondence between {ngm)}
and {wl{")} is one to one and we have m’ = k,,. Each 7, (z) with x € [O,wgm)) is a
return word having the prefix .J,,,(0) and the decomposition of z into return words
is written as

2= T (0) T (9 (0) T (9, 0)) - .-
which clearly gives a dynamical interpretation of the return word. The discon-
tinuities of the interval exchange g,, satisfies the i.d.o.c. (infinite distinct orbit

condition) of [24]. In fact, the denseness of g,-orbits of each ngm) follows from
the minimality of the irrational rotation z +— x + &,41 on [0,&,). The assumption

m > ng guarantees that two negative orbits of wl(n) and wj(-n) with 1 <i<j<k,
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do not intersect in the irrational rotation = — x + £,4+;. This implies that no
two negative orbits by g,, of discontinuities {ngm)} intersect. Note that in the
case wgm) = &, — &u41, three interval exchange g, is degenerated into two inter-
val exchange; the irrational rotation. Anyway g,, satisfies i.d.o.c. and therefore
([O,wgm)),gm) is minimal and uniquely ergodic (see!? [25], [17], §5.4.1 in [6]). As a
result, 1-dimensional Lebesgue measure is the unique invariant measure of g,,.

In what follows, we fix a bijection A,, from Jm([O,wgm))) to {0,1,...,k,} by
Ap(z) =i forz € [ni(m), 771(_7:1)) Then the derived word of z by the prefix J,,,(0) is
Am(jm(ODAm(jm(gm(o)»Am(jm(grQn(o))) - €40,1,..., kn}N-

By the definition of A,,, we have
0<z <y <w™ = Ap(Tn(®)) Siex Am(Tn(v)).

Note that such a derived word is uniquely determined for each m > ng. We claim
that from a derived word, the value §n(m)+1/w£m) is retrieved uniquely. From a
derived word, Theorem 3 and unique ergodicity of g, allow us to recover the set:

(m) _ p(m)
{m“ L i:O,...,kn}

wi”
by computing frequencies of letters in {0,1,..., k,}.'*> We have to know which let-
ters correspond to the interval [0, wgm) —&pa1). By the definition of A,,, these let-
ters should be consecutive integers including 0. Let us denote this set by {0,...,r}.

From dynamics of the three interval exchange, we observe that in the derived word,
there is a successor letter of r larger than a successor letter of r + 1. Moreover r is
the minimum letter having this property. Therefore one can compute

gn(m)+1 g f.Tl) - m(m)
R DR
W i=0 Wy

as claimed. This gives a well defined map to [0,1) from the set of derived words
of z with respect to prefixes J,,,(0) with m > ng. Theorem 4 says that the set

{&nim)+1 /w§m) | m > ng} must be finite. The same technique allows us to retrieve

uniquely the value (&) — bn(m)fn(m)ﬂ)/wgm) from the derived word. In other
words, we uniquely retrieve ratios of three intervals from the derived word and the

set
n{m ETL m &n m n(m)+ 2]

w%m) ’ w%m)

is finite. We deduce that
{§“”—%w’m2m}

gn(m)Jrl

12This is an unpublished result in the thesis of M. Boshernitzan (due to S. Ferenczi). Unique
ergodicity of a minimal three interval exchange follows from the fact that it is an integral auto-
morphism of an irrational rotation with bounded return time (c.f. [20], Chapter 1, §5).

13Approximate by continuous functions the characteristic function of an interval and apply a
variant of Theorem 6.19 in [36] for measure theoretical dynamical systems.
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is also a finite set. One can take two distinct positive integers mq,mo such that

fn(ml) gn(mz)

(22) —— —bum) = T — bn(ma)-

5n(m1)+1 (m) gn(mg)Jrl (m2)
Therefore

n(m - Pn m n(m - Pn m
(23) @ ( 1)§ (m) @ ( 2)§ (mz) + bn(m1) - bn(mz)'
Qn(mﬂ-&-lf - Pn,(m1)+1 Qn(mg)-&-lf - Pn,(m1)+2

If

Qn(ml) 7& Qn(mg)

Qn(m1)+1 Qn(mQ)—i-l
then (23) is a quadratic equation of &. If
Qn(ml) _ Qn(mz)

Qn(m1)+1 Qn(mg)—i—l

then from 0 < @, < Qny1 We have by(y,) — by(m,) = 0. From (22), this implies
that

+ bn(ml) - bn(mQ)a

+ bn(ml) - bn(mg)a

gn(ml)-i-l . fn(mg)-ﬁ—l
gn(ml) fn(mg)
which shows that £ has an eventually periodic continued fraction. In both cases,
we have proven that £ is quadratic.

Now we wish to show that w; € Q(§) for each i. There are integers N,,, M., such
that wgm) =w; — Npé— M, withi € {-1,0,1,...,k—1} where we put w_; = 1—-¢
for simplicity.!* From the finiteness of {§n(m)+1/w§m) | m > ng}, one can take an
increasing sequence (m;);=1,2, .. of integers such that

W = wy — Ny, & — My,
with a fixed v € {—1,0,...,k — 1} and a constant s > 0 that
_ Qn(ml)g - Pn(ml) o Qn(mQ)g - Pn(mg) o

s = =
Wy _leg_Mnm Wy —ngf—Mvm
This gives
§ ((ij = N, )§ = (M, — Mml)) = (Qn(my) = Qn(m)& = (Paimy) = Pr(my))
for j = 2,3,.... Since Np,; > Ny,,, we have shown that s € Q(&). This proves

that both w, and wg) are in Q(§). Switching to a subsequence corresponding to
the same derived word, we may assume that

(m1) (m1) (m2) (m2)

Niv1 — 1 My TN _
w](_ml) - w;mg) -
for i =0,1,...,ky,, which is equivalent to
nz(ml) B m(mz) B
wgml) o w%mz) T

fori=1,2,...,k,, since n(()m) =0. As ni(mj) = We(ij) — Biij)€ (mod 1), we can
choose for each j a vector
(Wr(1.0)) Wr(2,4) -+ Wr(k,.0))

41t is possible that w_1 = w; holds for some 7 > 0.
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from a finite set {w_1,wo,...,wr_1}*". Thus taking a subsequence again, we may
additionally assume that

ngmj) = We() — R,{(iyj)f (mod 1)

where (i) does not depend on the choice of j. Thus there are integers S (; ;) such
that
Wr(i) — Rri,1)€ — Sk(in) _ Wk(i) — Ry (i2)§ — Sk(i,2)
wy = N & — My, wy = N, & — Mo,
which shows that wy;y € Q(&). According to the discussion in §9, we know that
each w; is congruent to some wy ;) modulo {Z which finishes the proof for = 0.

10.2. The case p # 0. We shall skip the details in parts where the analogy to the
case p = 0 works. In §4, we gave a covering the torus [0,1) by induced systems of
the shape [, a + ). The value o was carefully chosen in a form o = w; (mod &)
for some i, not to destroy the combinatorial structure of the assertion. To treat
the case u # 0, we need a similar but more flexible covering so that every points
on the torus correspond to long words. We explain the construction only for [0, 1),
i.e., the first step of the recursive construction as in §4.

The original rotation is the interval exchange on [0,1) given by (9) with discon-

tinuities {w; | i =0,1,...,k — 1} as general rotation words. Its induced system on
[, + &) with a € [0,1) is

rea+b  ifrelnaté—6)

r—r+&—¢ ifrefa+é—E,a)

and discontinuities are written as

(1,a) (1,a)

a = wy < w, (1)

(
< <wy

< wki(f) =a+¢.

Each wgl’a) has either a form a+¢& — & or w; — N, ()€ where N;(«) is the smallest
non negative integer that a < w; — N;(a)é < a + € with j > 0. The later discon-
tinuities are step functions on «. The interval [0,£ — &) already corresponds to

o

long words. Hence if p € [0,£ — &) then there is an interval [w;’,w;,) 3 p which

exactly corresponds to a long word Jy(u) = J; (wgl)) in the sense of Proposition 3.
However this is not flexible enough for the later purpose. For a general u € [0, &), we

choose « such that u € [a, a+& — &) and consider an induced system on [o, o+ &).

Then we find consecutive discontinuities wgl’a) and WS—? ) in this system having the
property
ay
1, 1, — .
(24) Wit W) = N0 - - 19)

i=1
where s1...84, = Jo(pu)Jo(p + &) ... Jo(p + (a1 — 1)€) is a long word for this
shifted system. From the shape of the right side of (24), we see that the inter-

val [wil’a),wﬁ’f)) does not depend on the choice of @ € (u — & + &, ], This
explains that if u € [0,£), then there is a canonical way to associate an interval
[wl(l’a), wfif‘ )) C [a, a + &) which exactly correspond to a long word.

Recall that we had constructed a covering of [0, 1) by induced systems [a, &+ &)
with o = w; (mod &) in §4. The induced systems gives a decomposition of the
rotation word z into blocks of the shape like b=1B1b or (k — 1)B1b~! with some
b e A*. For each u € [0,1), there is such an o with u € [a, @+ £). An advantage
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of this choice of « is that it only requires minor changes of renewed words, and

consequently we may use three assumptions at the beginning of §10 as there are.

Shifting « in an appropriate way, we can associate an interval [w( ) Sﬂa )) con-

taining p which exactly correspond to a long word which satisfies (24) One can it-
erate this procedure recursively to cover the (n—1)-th induced system [o,—1, @1+
&n—1) by the n-th system [ay,, ap, + &,) such that p € (o, @y + & — Enyr) for all

(n,on) (n,on)

n. Thus we find an interval [w; ,wiyy ) ending at consecutive discontinuities
of the n-th induced system on [a,, a, + &,) which satisfies:
() ey _ (Y,
€ ™ wi) = m (Jil(si) — (i = 1)¢)
i=1

with the long word J(u)J (e +€) ... J (1 + (Qny1 — 1)§) = s152...5¢,., produced
by this system. Note that the ch01ce of a, does not affect the three assumptions
because shifting of «,, are performed within the covering of §4.

Let us prove that £ is quadratic. Choose m > ng and find a unique n = n(m)

and i = i(m) such that &,.; < wz(z”m‘)lﬂ) wz(znm)am) < & Write w(™ = wz((m)) for

simplicity. As stated above, we have some freedom of choice of «,, and it is possible
to take au,, = wgm) for simplicity. Following the same argument as §10.1, the return

word is a coding of a three interval exchange transform acts on [wgm),wgrl) ):

x +€n+17 MRS [ (m) w1(+1 §n+1)
gm(x) = T+ (bm + 1)§n+1 - Ena HAS [ 1+1 €n+17 (m) + gn - bm£n+1)
T+ b?nfn-{-l - §na MRS [ (m + gn - bm§n+1a z(+1))

with by, = [(§n — wz(fl) + wl(m))/gnﬂ]. The set of discontinuities of g,,, is written as
{ngm) |i=0,...,k,+1} and each ngm) has a form w; — £ where j € {—1,0,...,k}
and ¢t € N. In the similar manner as §10.1, one can define a natural coding function
Jm and an appropriate ordering among return words and show that the set

n(m n(m) — bn m)Sn(m
<%)7w§(l>‘f§”lew S
e im ("‘)i—Tl - Wim
is finite and therefore £ is quadratic.

z+1
Our final task is to show that w; — p € Q(¢) for all <. By a proof analogous to

§10.1, there exists a sequence (m;);=12,.. that w( ’) Z-(mj) € Q(&). Further we
may assume that derived words by the preﬁx of length m; are identical and

(m1) (ma1) (m2) (m2)

N1 — 7 n2+1 — _
T L
for i = 0,1,...,k,. This implies that up to renormalization, three interval ex-

changes ([wim’) Z(:_nf)) gm;) with j = 1,2... have exactly the same shape includ-
ing the relative location of discontinuities of J,,,;. Let us call three intervals appear
in the above systems as I; (i = 1,2,3) and define G(z) = i for € I;. Then we

claim that the map f from z € [w\™ w(rf)) to {1,2, 3} defined by

F(2) = G(@)Glgm, (©))G(g2,, (2) . .
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is injective. Indeed similarly as in the last part of §7, one can show that the
intersection of inverse images becomes a single point, using the fact that the three

(my) .

interval exchange satisfies i.d.o.c., and the g,,-orbit of each discontinuity 7, is

dense in [wi(mj),wgff)).
Since derived words by the prefix of length m; are identical and f(u) is an image
of a morphism of the derived word, f(u) is independent of j. Thus we see that u

must be located in the same relative position in the interval [wgmj ), wl(ff )), ie.,
u_wi(mﬁ _ ’u_wz(mz) _
D -

holds. By using the same technique as §10.1, we can show that u — wgmj) € Q¢
and p — n(mj) € Q(&). This implies that w; — p € Q(§) as desired.

[
11. OPEN QUESTIONS

Theorem 1 and 2 are devoted to coding of k interval exchange transforms which
are degenerated into two intervals. A natural question is to generalize these result
to genuine interval exchange transforms. Ferenczi, Holton and Zamboni showed in
[15] and [16] that an i.d.o.c. three interval exchange gives a primitive substitutive
system if and only if the parameters are in the same quadratic field. A related
result for k intervals is found in [9].

Let us say a word z = zgz;--- € AN is primitive substitutive in arithmetic
progression (PSAP), if z,244b2a+2p - - - are primitive substitutive for all @ > 0 and
b > 0. Theorem 2 implies that a primitive substitutive rotation word is PSAP. Can
we characterize PSAP words among primitive substitutive words? Durand had
shown in Proposition 1.6 of [13] that z4za4p2a+2b - .- IS an image of the morphism
of the fixed point of the substitution, not necessarily primitive. Their primitivity
seem to be a subtle question.
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