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Definition ([3, §15]). Let r,i, € N, k = Y, _, ik, and let w satisfy following conditions:

w = (wgl)’ .. ,wgil)’ o ’w(l)’ o ’w(ir))’

where w,gm) (1<k<r, 1<m<ip) satisfies
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arg w,gl) = arg w,(f) =..-=arg w,iik),

arg wg) < arg wél) <---<arg wﬁl),

arg wt) — arg wg) <m,
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and « is in the same side as w at the half-plane divided by straight line p which passes
along the origin.
Then the Barnes multiple zeta-function is defined by

(1) Culs, o |w) = Z m (Res =0 > k),
me(NU{0})~

where m - w means an inner product of m and w.
Theorem. Let « satisfy either of conditions (a), (b), (¢):
(a) forallk (1 <k <r),
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(b) for some fized k,
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(¢) for some fized k,

i ik (m)
(1) (m)
a—cwk+Zij , O<C<Z (1).

k<j<rm=l1
And if iy > 2 (1 < k <), we suppose wy™ Jw” € R\ Q (1 <m <n <iy).

Then we have a functional equation

2 Gls,alw)

F(l 25+n 1 5 1232 (m)

k=1 m=1

0 COS (27r ( 52500 <l)> (s — /i)) )
X ' — C =
; [, [T sin (7nw}” /™) nt
where Y _; S [ [T, mean

ZZ >y HH e

j=1 Il=1 j=11=1
(7.0 #(k,m) (4,1)#(k,m)

FEspecially if o satisfies the condition (a), then the right-hand side of the functional
equation (2) converges absolutely for s € C. If a satisfies conditions (b) or (c) for some fized
k, and if i, = 1 or w;™ Jw” has a finite degree of irrationality in iy, > 2 (1 <m <n <iy),
then the right-hand side of (2) converges absolutely for o < 0.

for o<1,

Corollary (Arakawa [1, 2]). If £ is an algebraic real irrational number, then a function
> mtn—zgn converges absolutely for Res > 1.

n=1
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